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1 Introduction
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Generative models

Goal of generative models: construct P such thatP  P.
Classical approaches for estimating P (or its density po):

— Kernel density estimator
— Wavelet estimator
— Nonparametric Bayes estimator
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Deep generative models

Deep generative models have achieved remarkable empirical
success in modeling high-dimensional structured data.
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Deep generative models (cont.)

Two key characteristics of deep generative models:

I Parameterized by deep neural networks
2 Easy to sample from P

Representative examples:

— Variational autoencoder (VAE)
— Generative adversarial network (GAN)
— Diffusion model
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Overview

Recently, diffusion models have achieved state-of-the-art
performance in various domains.

First research question:

Why and when can diffusion models outperform classical
methods?
Second research question:

Can we then exploit the advantage of diffusion models to
solve tasks that classical methods struggle with?
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2 Diffusion models
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Score-based generative models

Let Xg = (XO;I; i X();D) Py with density Po.
— Boldface denotes a (random) vector.
The score function refers to the gradient of the log-density.

Population-level vanilla score matching:
h i
s 2
E f(X rlo X :
minimize (Xo) gpo(Xo) 5

Once a score function estimator is given, one can construct an
implicit estimator P of Py by sampling via Langevin dynamics.
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Diffusion models

t P 2
Let {=e 'and (= 1 ffort O.

Diffusion models instead estimate ¥ log p;( ), where
Xi= Xo+ Z Py Z N(Op;Ip);

and Py has Lebesgue density py.

Once a score function estimator is given, diffusion models
construct an implicit estimator bt of Py for every t = 0 by
sampling via the corresponding stochastic process.

Then, bl serves as an estimator of P for very small T > 0.

Ho, J., Jain, A. & Abbeel, P. “Denoising diffusion probabilistic models”. In Proc. Neur|PS. 2020

Song, Y., Sohl-Dickstein, J., Kingma, D. P., Kumar, A., Ermon, S. & Poole, B. “Score-based generative modeling through
stochastic differential equations”. In Proc. ICLR. 2021
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Diffusion models (cont.)

Forward process|(X; ~ P;)

Xo~ 5 X, = ~X,dt + v2dB,

Reverse process (Y, := Xo_, ~ Pp_ t
dY; = [Y; + 2f,(Yy, T — t)]dt + v/2dB;

[Score function estimator: ?(x7t) ~ fo(x,t) :== Vlogpt(x)]

Pr
ek,

Diffusion model (Y, ~ Pr_,)
d\(z §7L4¥ Zf ‘(h —t)]dt +v/2dB, }{0 ~N(0p,1p)

‘Cf—l'w
=
7_,~Pt P,
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Score matching

Population-level score matching:
Z1 h i
minimize E fXpt) fo(Xist) 5 dt
f2F :rh i

inimize E “¢(Xq) :
O minimize #(Xo)

where T Unif([T; T]) and
h i

O =E f(1x+ 1ZT)+ 1'2 3

Score function estimator:

X .
2 argmin % “(X":

f2F =1

In practice, F is chosen as a class of neural network.
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3 Nonparametric density estimation
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First research

Nonparametric estimation of a factorizable density
using diffusion models

Joint work with Dongha Kim, Ilsang Ohn and Minwoo Chae

Q) Why and when can diffusion models outperform classical methods?
A) Diffusion models adapt to low-dimensional structures in the data and
converge faster than classical methods.
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Minimax rate for smooth densities

Let (; ) denote a metric between probability distributions.

The performance of an estimator is evaluated through its
convergence rate:

E (Po;P) .

A minimax lower bound over the class of -smooth densities:

inf sup E (po;p) &n 2 +D;
Po2C

where is a standard metric such as total variation distance,
Hellinger distance, or uniform norm.

Standard smoothness classes: Holder, Sobolev, Besov, etc.
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Minimax rate for smooth densities (cont.)

Classical methods achieve this minimax rate:

E (po;p) -n -0

Several classes of deep generative models also achieve this
minimax rate:

— VAE-type methods (Kwon and Chae, 2024)
— GAN-type methods (Liang, 2021; Puchkin et al., 2024)
— Diffusion models (Oko et al., 2023)

Kwon, H. K. & Chae, M. “Minimax optimal density estimation using a shallow generative model with a one-dimensional
latent variable”. In Proc. AISTATS. 2024

Liang, T. “How well generative adversarial networks learn distributions”. J. Mach. Learn. Res. 2021

Puchkin, N., Samsonov, S., Belomestny, D., Moulines, E. & Naumov, A. “Rates of convergence for density estimation with
generative adversarial networks”. J. Mach. Learn. Res. 2024
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