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I:II Mixture of Concept Bottleneck Experts

| Expression Tree | Selector & Symbolic regression
Y Example) y = 0;¢cq + 6,c,

S REREEEEEEEEEE & T “ 1. Hyperparameter, Tree (Expert) 7+ M &A%
| E 2. M BE22| Al MLP Expert g4, ..., gy = Placeholders 43
A 3. Selector2t A MLP ExpertE end to endz ot&
| /—/ N | /-/—*--\Z \ 4.0|=, 2t MLPE & Z2Afol= TreeS B4 : PySR
| | 5. MLP Expert g4, ..., gy = EfMEl Tree ty, ..., ty 22 uA|

________________________ /’ : 6. EHEl Tree Al fine tuning
C1,C2

Figure 2. Right:

Example of an expression tree (T) representing a
linear expression. Green nodes are placeholder
variables V ,blue nodes are operators O drawn
fromthe vocabulary W, andred nodes are
learnable parameters 0.

At inference time, each placeholder v;is
instantiated with the corresponding
predictedconcept c;




Mixture of Concept Bottleneck Experts

Figure 3. Overview of M-CBEs. The selector identifies the appropriate expression based on the input. Simultaneously, the Concept
Encoder predicts the underlying physical concepts (xo, vo, o, t) from the raw input. The architecture accommodates different user
mental models by allowing functional forms to be represented as either parametric linear equations or symbolic expressions restricted to
interpretable operators. The final output y is obtained by executing the selected function with the predicted concepts as arguments.
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Experimental Results

dSprites-Exp. Pendulum MNIST-Arith. 5 MAWPS BlackBox
1.2 3l % 8@ 4 * ®« e CEM
® %
: | I A LICEM
1.1 ) 6 ® 4 ® V¥V DCR
e o ® * * 4 * 8 CBM
S0 @ O gk " 4 ® % % g7 CMR
I o v, 2 i B - (X hONg—— 2 ® A * MLP-M-CBE
09 » _ — ________ —A e - 2 g ¥  Prior-M-CBE
% 0 T I R - @ Lin-M-CBE
0.8% 30 127 x 0% 32 75 o 3 99 5 o 01 37 35 0 @® Sym-M-CBE
AWA?2 AWA2-Incomplete CUB200 -~ CUB200-Incomplete CIFARI10
90 27 100F<gs 50 100
) ’Szg vy % e g - = 80@] |
= - e 80 Y s @ -
f ] 4 (@] - ®
E 4 o5 ® vy 30 ® I ® x
£a) &, 3 ® 1‘; ¥* 3 15 \ i
3 ’ |_._._._._;_,._____,_7__,_7___7____,5 Tl .i _____ = =
e e T =& 9 N | [—— 4
1% 13K 14d5Koo 442 9K 10K oo 556 74K 9999Koo 3K 45K FIOK oo 1951 91K 1390K oo
Complexity Complexity Complexity Complexity Complexity

Figure 4. The x-axis denotes model complexity, measured as the total number of nodes across all expression trees used by the taskpredictor. The y-axis reports
MAE for regression tasks (top) and error rate for classification tasks (bottom). For multi-expert models,multiple points are shown corresponding to different
numbers of experts (1-5). The dotted curve indicates the Pareto frontier, while theshaded region marks dominated solutions. Prior-M-CBE is excluded from the
Pareto frontier as it relies on ground-truth expressions.CEM and BlackBox are plotted as horizontal lines, since their label-predictor complexity is undefined (they
do not operate on conceptpredictions). Error bars indicate 95% confidence intervals over five random seeds
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Model dSprites-Exp. Pendulum MNIST-Arith. MAWPS
Lll’l—M—CBE 18.00j:(1.()(l 5.71i(].{)(} 4.7].:i:3.23 15-00j:0.{]{)
MLP—M—CBE 28.00:1:(1.0(1 43.63:t{).(m 2224i175 47.00:tu.m)
Sym—M—CBE 13.00:1:(1.()(1 0.00iU.{)(} 0.05:tl].l)9 O-OO:I:U.(}{]
Pendulum MAWPS

Model MAE  Complexity MAE  Complexity
MLP-M-CBE 0.46+0.08 706.0<0.01 1.05+0.04 3592.0<0.01
Sym-M-CBE (S) 3.80+0.02 3.0<0.01  2.73+0.03 4.0<0.01
Sym-M-CBE (M) 2.12+153 19.3+58 1.29+0.08 24.0<0.01
Sym-M-CBE (C) 0.46+0.13 6.0<0.01  1.36+0.21 24.0<0.01

Figure 5. Weight distributions for the concept “has underpartscolor brown”
toward class “Crested Auklet”, comparing LICEM(blue) and Lin-M-CBE
(orange, memory size = 2).

Table 1. Tree Edit Distance (TED) to the ground truth
expres-sion. In three datasets, Symbolic M-CBE recovers
the exact data-generating mechanism (TED = 0)

Table 2. Performance of Sym-M-CBE across small (S),
medium(M), and complete (C) operator sets, measured
by MAE and modelcomplexity (£95% confidence
interval).




Experimental Results

150 dSprites-Exp. Pendulum 0.00 MNIST-Arith.
) joeesscssesen
125 '
'Q,##t 2800 Kok ok ke ok dek Kk tedk k| 8.50
1.001% 0 La -3—*—1 o0 0
< 0.75 “*‘l
< dhdhaag
0.50 1.00 @9 °. 2.00
0.25 .'..
%o
000025 05 075 000%5—025 05 075 1 Y9035 05 075 1
AWA2 AWA2-Incomplete CUB200
100.00 5 100.00fF 5r s gr 57 57 o5 g9 59 g9 &8
1500 V-V VVVVVVVVYV 25.00 8%8%888%
g : , 85 wmvvvvvy,,,,'
g iﬂ mm.
5 400, : &it
= 0. -, RO ES§ REAAA, ,
53] B 2.00 Bar 20.00 SN ¥ Ap
2.00 by ol T
000025 05 075 0005025 05 075 1 999 035 05 075 |
Pint Pint Pint

MAWPS

6.00

4.00

2.001™

0.00%

RIIIZERKY

025 05

0.75

T

40.00

30.00

20.00

10.00

0.00%

025 0.5
Pint

0.75

100.00

75.00

CEM
LICEM

DCR

CBM

CMR
MLP-M-CBE
Prior-M-CBE
Lin-M-CBE
Sym-M-CBE

Q08 %R 4A>N

CIFARI10

VVVVVIVIVVY

20.00

15.00

10.00

0 025 05 075 1
Pint

Figure 6. Effect of interventions on model performance. MAE (top) and error rate (bottom) as a function of intervention
probability pint.Shaded areas show 95% confidence intervals over 5 seeds. For models with multiple experts, we use the
configuration at the Pareto knee.The knee point is identified using the maximum distance to chord method: the point with
maximum perpendicular distance to the lineconnecting the best complexity and best accuracy extremes, representing the

optimal trade-off.




1 ure 2, right). We define a class T of expression trees w.r.t. a
77777777777777777777777777777777 vocabulary of operations WV via admissible edge configura-

e :r T //r + oe— . tions £ on a set of nodes N' = VU O U P, with:
: % ) v . (i) V: set of input nodes instantiated with specific concepts.
e ° : N4 o v (i) O: set of operator nodes (e.g., { x, sin, exp}) from W.
: o f \ < \ i (111 )P: set of parameter nodes representing real numbers.
! \ \ 1
61 ) v1 6y ) vy !
N N J ;

Figure 2. Left: PGM representing the assumed generative process
for M-CBEs. Right: Example of an expression tree (') represent-
ing a linear expression. Green nodes are placeholder variables V,
blue nodes are operators O drawn from the vocabulary YV, and
red nodes are learnable parameters ©. At inference time, each
placeholder v; is instantiated with the corresponding predicted
concept c;.
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