
What Drives the Inlier-Memorization Effect?

A Theory of Outlier Detection via Early Training Dynamics

Anonymous Author(s)

Department of Statistics, Seoul National University

Presented by Sangmoon Han

2026-06-24

1 / 16



Table of Contents

1. Background

2. Main Result

3. Experiments

2 / 16



Overview

• Recent advances have leveraged the inlier-memorization (IM) effect, a phenomenon in which deep

models memorize inlier patterns earlier than those of outliers, as a powerful signal for

distinguishing outliers.

• Despite its empirical success, the theoretical understanding of the IM effect remains limited.

• In this paper, the authors present a theoretical study of the IM effect.

• The conditions under which the IM effect exhibits persistence and strength are characterized

from two key perspectives: the data distribution and weight initialization.

• Persistence : The range of training steps over which the effect holds.

• Strength : Reflecting how many outliers can be separated from inliers.
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Notations & Assumptions

• The authors assume the observed dataset {xi}ni=1 ⊂ Rp has a clustered structure and is

decomposed into three distinct factors.

• Given a cluster-assignment map g : [n] → [K ] with K cluster centers µ1, . . . , µK ∈ Rp, each

sample is decomposed as:

xi = x̃i + ξi + oi , i ∈ [n] (1)

where:

• x̃i := µg(i) is the associated cluster center.

• ξi ∈ Rp represents within-cluster variation.

• oi ∈ Rp denotes an additional perturbation corresponding to outliers.

• For each cluster k ∈ [K ], they define the following:

• Λk := {i ∈ [n] : g(i) = k}.
• nmin := mink∈[K ] nk and nmax := maxk∈[K ] nk .

• δ := mina ̸=b∈[K ] ∥µa − µb∥2.

• Under this decomposition, they define xi as an inlier when oi = 0, and as an outlier otherwise.

• O := {i ∈ [n] : oi ̸= 0}.
• The outlier rate of cluster k is defined as |O∩Λk |

nk
.
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Model Setup

• They consider a simple autoencoder FW : Rp → Rp defined as

FW (x) := Aϕ(Wx), (2)

where W ∈ RH×p is the trainable encoder weight matrix, A ∈ Rp×H is the fixed decoder weight

matrix, and ϕ is an activation function applied elementwise.

• For theoretical simplicity, as mentioned above, they assume that only the encoder weight matrix

W is trained, while the decoder weight matrix A is fixed during optimization.

• To learn the encoder parameters W , The author utilize the following mean squared error

L(W ) :=
1

2

n∑
i=1

∥xi − FW (xi )∥22 =
1

2
∥X −FW (X )∥22 (3)

where X :=
[
x⊤
1 , . . . , x⊤

n

]⊤ ∈ Rnp and FW (X ) :=
[
FW (x1)

⊤ , . . . ,FW (xn)
⊤
]⊤

∈ Rnp.
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Training via Gradient Descent

• Let w := vec(W ) ∈ RHp denote the vectorized parameter.

• They optimize this objective (3) using Gradient Descent(GD) with learning rate η > 0.

• The GD algorithm at each iteration step τ ∈ Z≥0 updates the parameter as

wτ+1 = wτ − η∇wL (Wτ ), given an initial weight w0.

• The update can be equivalently written as

wτ+1 = wτ − ηJ (Wτ )
⊤ rτ , (4)

where J (Wτ ) :=
∂
∂w

FWτ (X ) ∈ Rnp×Hp and rτ := FWτ (X )− X ∈ Rnp.

• Specially, they define the initialization error on cluster centers X̃ as R̃0 := ∥FW0(X̃ )− X̃∥2. A
smaller R̃0 indicates that the initial weights W0 better capture the underlying inlier structure.
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Assumptions on Data and Outliers

To establish our main results, they introduce the following assumptions regarding the data distribution

and outliers:

• Assumption A. 1 (Bounded Sample Norms): ∥xi∥2 ≤ 1, ∀i ∈ [n].

• Assumption 3.1 (Small within-cluster variation):

∥ξi∥2 ≤ εc ,
∀i ∈ [n], for some constant εc ≥ 0.

• Assumption 3.2 (Bounded outlier rate):

The outlier rate is at most ρ for some constant ρ > 0, i.e., maxk∈[K ]
|O∩Λk |

nk
≤ ρ.

• Assumption 3.3 (Well-separated outlier):

Let xi be an outlier with perturbation oi . We say that xi is well-separated if ∥oi∥2 > δ + 2εc .

Here, the quantity δ+ 2εc corresponds to an upper bound on the distance between inliers from the two

closest clusters. Thus, a well-separated outlier lies sufficiently far from all inliers.
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Assumptions on Data and Outliers

• Based on these assumptions, main theorem characterizes the IM effect using two critical

iterations, T1 and T2.

• These iterations depend on key factors: nmin, nmax, εc , R̃0, ρ, and δ.

• For simplicity, They introduce a specific notation to denote these dependencies:

c = c(a1 ↑, . . . , am ↓)

This indicates that the constant c depends on the parameters a1, . . . , am. The arrows ↑ and ↓
explicitly denote that c is monotonically increasing or decreasing with respect to the

corresponding argument, respectively.
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Main Result: IM Effect

Theorem (IM Effect)

Assume that the training data {xi}ni=1, containing both inliers and outliers, satisfy Assumptions 3.1

and 3.2 as well as regularity conditions in Appendix A.

Suppose that the autoencoder in (2) is trained by minimizing the reconstruction error in (3) via GD,

updating the encoder parameter W according to (4). Then, there exist a learning rate η > 0 and two

integers 0 < T1 < T2 with

T1 = c(nmin ↓) and T2 = c(nmin ↑, nmax ↓, εc ↓, R̃0 ↓, ρ ↓, δ ↑) (5)

such that for any iteration τ ∈ [T1,T2], inliers have smaller reconstruction loss than well-separated

outliers. In particular, for any outlier xi satisfying Assumption 3.3, we have

max
j∈Oc

∥xj − FWτ (xj)∥
2
2 < ∥xi − FWτ (xi )∥

2
2. (6)
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Corollary: Perfect Separation

Corollary (Perfect separation via the IM effect)

Under the assumptions of Theorem 3.1 and with the interval [T1,T2] defined therein, suppose that

Assumption 3.3 holds for all i ∈ O.

Then for any iteration τ ∈ [T1,T2], the reconstruction error of every outlier is strictly larger than that

of every inlier, i.e.,

max
j∈Oc

∥xj − FWτ (xj)∥
2
2 < min

i∈O
∥xi − FWτ (xi )∥

2
2.
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Simulation Study: Experimental Setup

• Experiment Setting

• n = 2, 000, p = 2, H = 32, K = 3.

• µk ∈ [−10, 10]2, separation δ = 16.

• nmin = 666, nmax = 667.

• ρ = 0.05 (100 samples), Uniform in [−18, 18]2, minimum distance 10 from all µk .

• All features min-max scaled to [0, 1/
√
2] (∥xi∥2 ≤ 1).

• ϕ(x) = tanh(x) activation, trained via Adam (η = 2× 10−4). Kaiming uniform initialization.

• A batch size of 500 for 1, 000 epoch.

• Evaluation Metrics

• AUROC(τ): At epoch τ , compute the outlier score ∥xi − FWτ (xi )∥22 and evaluate AUROC.

• IM Window: The maximal contiguous interval of epochs where AUROC(τ) ≥ 0.9, serving

as an empirical approximation of [T1,T2].

• They conduct a simulation study focusing on four key factors affecting the IM effect:

• Within-cluster variation: εc
• Cluster-size balance: nmin and nmax

• Outlier rate: ρ

• Initialization quality: R̃0
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Experiment

12 / 16



Experiment

13 / 16



Experiment
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Appendix A: Regularity Conditions

• Assumption A. 4 (Cluster-Center Jacobian):

Fix an initialization W0 ∈ RH×p and a radius Rloc > 0. Define

D (W0,Rloc) :=
{
W ∈ RH×p : ∥W −W0∥F ≤ Rloc

}
.

Assume that there exist constants αc , βc , Lc > 0 such that, for every W ∈ D (W0,Rloc ),

• For every unit vector z ∈ RKp, αc ≤
∥∥Jc(W )⊤z

∥∥
2
≤ βc

• For all W1,W2 ∈ D (W0,Rloc ) , ∥Jc (W1)− Jc (W2)∥ ≤ Lc ∥W1 −W2∥F .

• Assumption A. 6 (Activation bounds):

Assume that |ϕ′(t)| ≤ B1 and |ϕ′′(t)| ≤ B2 for all t ∈ R.

Return to Main Theorem
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Appendix A: Other Assumptions.

• Assumption A. 1 (Bounded Sample Norms): ∥xi∥2 ≤ 1, ∀i ∈ [n].

• Assumption A. 2 (Bounded Outlier Magnitude): ∥oi∥2 ≤ εo for all i ∈ O.

• Assumption A. 3 (No Within-Cluster Variation): ξi = 0 for all i = 1, . . . , n.
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