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What Is the Goal of Statistical Language Modeling?

A goal of statistical language modeling is to learn the joint probability function of sequences of words
in a language.

[2], Bengio et al. (2003)

For a token sequence
xi.T = (X1, ..., XT),
we want a probability model for
p(x1:7).

A standard autoregressive form (chain rule) is
-

p(xuT) = HP(Xt | x<t)-

t=1

Estimating this joint probability is difficult because token sequences live in a large discrete space.



Why Is This Hard? Curse of Dimensionality

Let the vocabulary be
V = {cat, dog, the, room, .. .}.

Each token is a discrete random variable taking values in V.

A length-m token sequence has
V"

possible configurations.

For example,
V| =100,000, m=10 = [V|**=10".

A test sequence is likely to differ from every sequence observed during training.



Classical N odels

An N-gram model uses only a finite history.

Model Assumption history

Unigram  p(x: | x<¢) = p(x¢) none

Bigram  p(x¢ | x<¢) = p(xe | xe—1) previous token
Trigram p(xe | x<t) = p(xe | Xe—2, Xe—1) previous two tokens
N-gram  p(xe | x<¢) = p(x¢ | Xe—n+1:6-1) previous N — 1 tokens

|N71

Instead of all |[V|™ full sequences, an N-gram model only parameterizes the |V possible histories.

There is a trade-off:

o larger N: more context, but [V|V~! histories grow = more sparsity;

e smaller N: less sparsity, but less context.



eterization

For history
h=Xxt—ny1t-1,

a count-based N-gram estimate is
N c(h, a)
—alh) =222
p(Xf a | ) C(h)

Example count table:

History h Next token a  Count

denied the allegations
denied the speculation
denied the rumors
denied the report
denied the offer

o O = = N o

denied the 1loan




Limitation 1: Zero Counts

From the previous table,

p(offer | denied the) =0, P(loan | denied the) = 0.

But denied the offer is a possible phrase; it was simply unseen.

On the N-gram side, smoothing and backoff redistribute mass to unseen events,
observed counts — probability mass for unseen events,

for example Katz backoff [4], Katz (1987).

Smoothing fixes zero counts, but a second, deeper problem remains.



Limitation 2: Similar Contexts

Example:
“The cat is walking in the bedroom.”

A related sentence is
“A dog was running in a room."”

Relevant similarities:

cat &~ dog, walking & running, bedroom =~ room.

A pure count table treats these as different surface forms.

Smoothing does not capture this similarity. Distributed representations are designed to share mass

across similar words and similar contexts.



Two objects are learned:

1. an embedding for each token,
Cemb(a) S Rd,

2. a neural probability function over token sequences.
For a fixed window,

f(i,thly cee 7Xt7n+l) = gG(i7 Cemb(thl), ey Cemb(xtfnﬁ»l))y

where

F(iyXe—1y ooy Xemnt1) = P(Xe = 1| Xe—1y -« ) Xe—nt1)-

Similar tokens get similar embeddings, so mass is shared across similar contexts.



: Comny &0y f, and 0

Symbol  Meaning

Cemb embedding lookup map V — ]Rd; implemented as a matrix

Cemb(a)  vector representation of token a

8o neural network mapping context vectors to a next-token distribution
f full language-model function obtained by composing Cempb and gp

0 all trainable parameters

Classical N-gram: parameters are count-table probabilities.

Neural LM: parameters are embeddings and neural-network weights.



Neural Probabilistic LM: Architecture

Let

%= (Ccmb(Xt71)7 Ccmb(xt72)7 B Ccmb(thlH»l))-
A one-hidden-layer model computes logits

¢ = b+ Wz + Utanh(d + Hz).
The next-token distribution is

D g ex e,‘
Po(xe = i | Xt—nt1:6-1) = ZPT(XP)([).
jEV 4]
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From Neural LM to

Modern Transformer LMs keep the same probability modeling goal:

.
po(xi:m) = [ [ po(xe | x<e).
t=1

The context function changes:

fixed-window neural network — causal Transformer representation function.

This representation function is the decoder-only causal stack, not the encoder block of the original

encoder—decoder Transformer.

11



Transformers Can Represent
n-gram LMs, Svete & Cotterell




nsformers Can Represent n-gra

[6], Svete and Cotterell (2024)
Question:

What probability distributions over strings can Transformer LMs represent?

Main result:

’ Hard/sparse attention Transformer LMs can exactly represent any n-gram LM.

Here hard and sparse attention place all attention mass on a single position, rather than spreading it
over all previous tokens as standard softmax does. Formal definitions follow.

12



Language Models over Strings

Let X be a finite alphabet (here, the token vocabulary) and X* the set of all finite strings over X.
A string x € X" is a finite token sequence x = xi - - - X|4|.

Example: ¥ = {a, b},
Y* =g, a, b, aa, ab, ba, bb, aaa,...},

where ¢ is the empty string.

With an end-of-string symbol EOS, a language model assigns each string a probability

x|

p(x) = p(EOS | x) ] p(xt | x<t)-

t=1

13



Definition 2.1: Representation-based LM

Definition 1 (Representation-based LM)

Let enc : ©* — RP be a representation function and E € RI*I*P

representation-based LM defines

an output matrix. A

p(x¢ | x<¢) = softmax(E enc(x<t))x,-

A Transformer LM is the case where enc is computed by a Transformer: the decoder-only causal stack
mapping the prefix x<; to the contextual representation of its last token.

14



Definition 2.2: Weak Equivalence

Definition 2 (Weak equivalence)

Two LMs p and g over X* are weakly equivalent if

p(x) =q(x) Vxex

This compares full string probabilities, not only one next-token distribution.



Definition 2.11: Transformer LM

Definition 3 (Transformer LM)

A Transformer LM pr is the representation-based autoregressive LM with representation function enc
computed by a Transformer:

pr (Xt | x<¢) = softmax(E enc(x<t))x,-



Hard and Sparse Attention

Definition 4 (Hard attention)

Hard attention uses hardmax: attention mass is placed only on positions with maximum score.

Definition 5 (Sparse attention)

Sparse attention uses
sparsemax(x) = arg min. ||P — x|)3.
pEA

The exact theorem is for hard/sparse attention. It does not claim that standard soft attention
implements the same construction exactly.



Svete and Cotterell:
Representability



Main Result: Transformer LMs Represent n-gram LMs

Theorem 6 (Svete—Cotterell, informal)

For every n-gram LM, there exists a weakly equivalent hard-attention or sparse-attention Transformer
LM.

In symbols:
pT(X) = pn—gram(X) Vx (S Z*.

This is a lower bound on probabilistic representational capacity:

{n-gram LMs} C {Transformer-representable LM distributions}.



4-gram Simulation

softmax (E -)

P | y<t) _
A ah
l\.?'f/J
A
- o &
vV
‘\__7 — \ \
vy Y
Y1 Y2 Yt—a | YPe—3 | Ye—2 | Yt—1 | Yt . ‘

Figure 2: A transformer LM can simulate a 4-gram LM using 3 heads. The stronger arrows from the
heads to the symbols show where the heads focus their attention.
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Output Matrix as Lookup Table

Suppose the Transformer has identified the history
h= Xt—n+1:t—1-
Encode the history as a one-hot vector:
enc(x<:) = [h].
Define the output matrix by storing conditional log probabilities:
Eah = log prgram(a | h).

Then
softmax(E[h])s = pngram(a | h).

The output matrix is used as a conditional-probability lookup table.

20



Three Mechanisms and Non-uniqueness

The n — 1 heads construction is one of three:

Thm  Resource Mechanism

3.1 n— 1 heads, 1 layer each head reads one history position in parallel

3.2 1 head, n — 1 layers  each layer copies one symbol forward (shift register)

3.3 1 head, 1 layer single head reads all positions via digit-coded values; MLP decodes

# heads <— # layers <— nonlinearity complexity.

All three define the same string distribution. So there is no canonical map from an n-gram LM to
transformer components: inspecting which positions a single head attends to cannot certify that the

model “is” an n-gram LM.

21



hat Svete and Cotterell Establish

Proposition 7 (Representability)

Transformer LMs have enough probabilistic representational capacity to exactly represent any n-gram

LM under hard/sparse attention constructions.

What this says:

e Transformer LMs can represent classical n-gram distributions.
e The relationship is about full string probabilities.

e There are multiple mechanisms: heads, layers, or digit encoding.

What this does not say:

e It does not prove that trained Transformers actually learn these constructions.

e |t does not analyze standard soft attention exactly.

22



ty vs. Learned Behavior

Svete—Cotterell answer:

Can a Transformer LM represent an n-gram LM?

Answer:
Yes, under hard/sparse attention constructions.

Next question:

Do trained Transformers actually produce predictions describable by N-gram statistics?

This is Nguyen's question.

23



Nguyen: Learned Predictions and
N-gram Statistics




nsformers via

Paper:
Understanding Transformers via N-gram Statistics
Question:
How does a trained Transformer use its context when predicting the next token?
Approach:

po(t | €)= Ra(t | C),

where R, is a rule built from training-data N-gram statistics.

This is a descriptive approximation of model outputs, not a proof of internal mechanism.

24



Form vs. Selection

Nguyen separates two questions.

Form Selection
po(t| C) = R(t | C) C s RE
e |s the prediction rule-like? e Which rule is selected?
e |s it a function of training-data statistics? e Why that rule for this context?

The paper primarily measures form. Selection remains the harder explanatory problem.

25



Rule Notation: Empirical N-

Given a rule context «, define

e #(at): number of times pattern « is followed by token t in training data.

e #(ax): number of times « is followed by any token.

Vanilla N-gram prediction is a special case where « is an ordinary suffix context.

26



Keep, Drop, Marginalize

Let the context be
C=C_py--C_oC_;.

Nguyen uses three token-level operations:

+ : keep, — : drop, * : marginalize.

For a symbol o € {4, —, *}, define

t, o=+,
SU'(t) = €, o=,
¥, O = *.

For an operation sequence o, the rule is

Ro(t | €) = Rs,(o)(t)-

27



Example: Rule Construction

Let
C = C74C73C72C71, o=+ — x 4.

Then
SU(C) = C74 * Cfl.

The rule distribution is
Ro(t| C) = 2{Cex Cat)
7 #(C,z; * Cfl*)

Interpretation:

e keep C_4 and C_y;
e drop C_3;

e marginalize over C_,.

28



orked Example: Rules on the big brown dog

Predict the token after C = the big brown dog (C_4C_3C_>C_1).

o S5+(C) rule Ry(t | C)

+ + ++  the big brown dog full 4-gram suffix

— ——+ dog #(dog t)/#(dog x): bigram p(t | dog)

+——+ the dog #(the dog t)/#(the dog *): contiguous trigram
+ % x4 the * * dog #(the * *dog t)/#(the x xdog )

Drop vs. marginalize: +—— collapses to the contiguous context the dog; +#*x+ keeps four slots and
sums counts over the two middle tokens. Same kept endpoints, different count query.

29



en Figure 1: Rule Approximation

For context the tired dog, different rules give different next-token distributions.

{Rule 1: the tired dogj—» Prediction 1

{context: the tired dog}—» Rule 2: the dog Prediction 2
[Rme 3: the * dog)—» Prediction 3

Schematic version of Nguyen's rule approximation idea.

30



Rule Families

Nguyen groups rules by increasing flexibility.

Ruleset

Meaning

flix
Ri
subgram
RSubg
M

all
R

ordinary suffix rules; only recent contiguous context
keep/drop rules; non-contiguous context allowed
keep/drop/marginalize rules; most flexible family

RI™* C R ¢ Ry

31



Measuring Rule Approximation

Nguyen uses variational distance:

d(p. ) = 3 3 Ip(t) ~ q(t)].

tey

For context C, the optimal rule is

r'(€) = argmind(po(- | C). pr(- | €))-

The optimal rule distance is

ORD(C) = mind(ps(- | C), P (- | €))-

32



Model Variance

Train multiple models with different dataset shuffles. For the same context C, compare their
predictions:

P01 C), PP C)

Model variance is
MV(C) = avg;; d(p{(- | €),p{(- | €)).

Low MV(C) means predictions are stable across training runs.

33



Finding 1: Approximation Criterion

Main empirical criterion:
MV(C) small

Interpretation:
e stable predictions tend to be rule-like;

e high count helps, but count alone is not
the strongest signal;

e rare contexts can still be rule-like if
model variance is low.

= ORD(C) small.

slope = —0.05; R? = 0.35

dagram, model)

model variance

dtagram, model

optimal rule distance

slope =2.21, R? = 0.52

slope = 1.47, R® = 0.74

34



Finding 2: Curriculum Learning Dynamics

During training, Transformer predictions move from simple rules to more complex rules.

e e 2 e
P 3

variational distance

e

unigram /bigram — short

Model vs Rule

suffix rules — longer context rules — subgram/marginalized rules.

Ground Truth vs Rule

Ground Truth vs Rule

0.9 e contetength
1
06{ 2
0.8 —3 -
g — -~
5 05{ —5 )//
o7 ] — Z I
2 e 7 _
5 o4 I
0.6 =
2
g /)
03 /
05 /
02
162 102 102 162

10°
Training steps

10°
Training steps

This gives a statistical form of curriculum learning.

Training steps

&3



Finding 3: Overfitting Criterion

For maximum context length n, define
Pu(t] €)= p(t| Cn--- Coa).

Overfitting picture:

Cross entropy loss

20 \«__\ Modeli?le;tlength
memorize full context 2

—— 3

—1
5
——

7

at the expense of

subcontext generalization. g, —
Short-context train performance can indicate s
overfitting without a holdout set. 10

2500 5000 7500 10000 12500 15000 17500
Training steps
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Finding 4: Approximation Strength

Larger rule family and larger context each raise top-1 agreement with model predictions.

Ruleset max context length M

1 2 3 4 5 6 7
Rl 300 451 550 632 69.6 750 78.9
RPEA™ 300 447 535 60.4 651 685 71.2
Ryufix 300 445 526 580 614 636 65.2

backoffyy 30.0 425 487 527 546 559 56.7

TinyStories, Loo-selected, 160M.

Column: backoff < suffix < subgram < all. Row: accuracy rises with M.

R reaches 78.9% (TinyStories) and 67.7% (Wikipedia, 1.4B). The model’s own top-1 vs. ground
truth is 69.6%, so the rule tracks the model's greedy choice more often than the model tracks the data.
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Svete + Nguyen: Combined Message

Svete—Cotterell Nguyen
Transformer LMs can represent Trained predictions are often
n-gram LMs. approximated by N-gram rules.
e theory e empirical analysis
e model class e trained models
e representability e learned behavior

capacity to represent + evidence of rule-like behavior

38
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Appendix: Why the Count Ratio Is an MLE

For a fixed history h, let

O =P(alh), > Op=1

acy
The likelihood for observed counts is
c(h,a)
L. =[] 93“, .
acy
Maximizing under the simplex constraint gives
G c(h, a)
alh — C(h) .

Thus the count ratio is the MLE for each multinomial row.



Appendix: Where Earlier Papers Fit

Paper Role in this talk
Shannon [5] language as stochastic source
Katz [4] sparse count-based probability estimation

Bengio et al. [2]
Vaswani et al. [7]
Yang et al. [9]

neural representation-based smoothing
Transformer as attention-based context representation
output softmax as probability-family constraint




Appendix: Output Map and the Softmax Bottleneck

Svete—Cotterell's construction uses the output matrix as a lookup table:

E.h = 10g prgram(a | h).

Yang et al. ask whether practical softmax output maps are expressive enough.

If

Lo = HoW,',
then

rank(Ly) < d.

This is the softmax bottleneck: even a powerful context representation can be limited by the output
probability map.



Appendix: Theorem 3.1 — Statement

Theorem 8 (Svete—Cotterell, Theorem 3.1)

For any n-gram LM, there exists a weakly equivalent single-layer hard attention transformer LM with
n—1 heads.

Construction. Store the n-gram log-probabilities in the output matrix (paper, Eq. 55):
def -1
E, o1 = logp(y \ yffm) :

Build the transformer so that the representation one-hot encodes the history:

enc(y<t) = IIytt:r}+1 .



Appendix: Lemmas B.3-B.4 — Heads Identify Symbols

With unit-vector positional encodings and a dot-product score, head h attends to exactly one position.

Lemma 9 (Svete—Cotterell, Lemma B.3)

For head h, the score (q, kj) between the query at the prediction step and the key at position j is
uniquely maximized at the targeted position h steps back.

Why. The query and keys are unit vectors, so (g, ki) < 1 with equality iff they coincide; equality of the
position-encoded entries forces j to be the targeted position.

Lemma 10 (Svete—Cotterell, Lemma B.4)

Head h outputs z, = [y:—s], the one-hot of the symbol h positions back. For h=1,...,n— 1 these
are the history symbols yi—1, ..., Yt—n+1-

Why. B.3 makes hard attention select that position; the value map sends the symbol there to its
one-hot, and the output map cancels the residual copy.



Appendix: Lemmas B.1-B.2 — Combine into History Code

Lemma 11 (Svete—Cotterell, Lemma B.1)

For x,v € {0,1}? with vi = 1{i € {i1,...,im}},

ReLU(vTX —(m=1)) =xy A A X,

Why. On {0, 1}D, v x < m with equality iff every selected entry is 1; ReLU sends all smaller values to
0.

The n — 1 head outputs [y:—1],. .-, [yt—n+1] concatenate into a multi-hot vector. B.1 with m=n—1

(offset n — 2) fires only when all history tokens match.

Lemma 12 (Svete—Cotterell, Lemma B.2)

A single-layer ReLU MLP H satisfies

t—1

H(l[yt—l]lv ) II}/t—n+1]|) = y:Zoal

Why. The history index is the logical AND of the per-position symbol indicators (an instance of B.1).



Appendix: Theorem 3.1 — Proof Skeleton

Three steps (paper, Lemmas B.2 and B.4):

1. Each of the n — 1 heads attends to exactly one previous position and outputs the one-hot
encoding of the symbol there (Lemma B.4).
2. A ReLU MLP head-combiner H turns the n — 1 one-hot symbols (a multi-hot vector) into the
one-hot history code, via a logical AND (Lemma B.2):
t—1

H(Dal, - Iva-1l) = iZaial

3. The output matrix E maps this one-hot history to the n-gram log-probabilities.



Appendix: Theorem 3.1 — Proof (line by line)

Let 7 be the transformer LM above, y € {BOS}”fl):* with |y| = T. Then

pr(y)

;
EOS\yH (ve | y<t)

-
= softmax(E F(x-ﬁ-))EOS H softmax (E F(X[L*I))yt
t=1

T

softmax(E |[y7—,,,+2.-,—]]) —— H softmax(E [yf:nlﬂ]l)yz
t=1

_ exP(£|[}’T—ﬂ+2:T]I)EOS r eXp(E|[y:7,1+1]|)
DY exp(E lyr—ni27l), 1 3, exp(E Iy/Z ,,H]I)

T

B exp (log p(EOS | vy nt2) H exp(log p(ye | s ))
>, exp(log p(y’ | y1_ M) w1 2, e (log p(y' | v Zai1))

.
= p(EOS | yr—ns2r) [ [ Pe | ¥ Zoi1) = p(¥)-
t=1

(autoregressive LM)

(Def. 2.11)

(Lemma B.2)

(softmax)

(Eq. 55)

(n-gram is autoregressive)



Appendix: Theorem 3.2

Theorem 3.2 trades heads for layers:

one head + (n — 1) layers.

Intuition:
layer 1 : copy x¢—1,

layer 2 : copy x¢—2,

layer n —1: copy Xe—nt1-

After n — 1 layers, the current representation contains the entire n — 1-token history. Head parallelism
and layer recursion gather the same history with different resources — the basis for the non-uniqueness

message.



Appendix: Theorem 3.3

Theorem 3.3 is more compressed but less intuitive.

A single head attends to all n — 1 previous positions and encodes symbols using position-scaled digits:

10~/[x]
I‘(X,_j) = J
1

The aggregation contains position information in decimal digits:

t—1

1 »
a1 = Z mlo Ix]-

j=t—n+1

A final MLP decodes the digits and reconstructs the history code.



Appendix: ICL as an Extension

This talk focuses on next-token probability and training-data statistics.

In-context learning extends the same statistical view:

Paper Role

Brown et al. [3] prompt examples act like an in-context dataset

Xie et al. [8] ICL as implicit Bayesian inference over latent concepts
Bai et al. [1] Transformers implement statistical algorithms in context

Pretraining statistics come from the corpus. ICL also uses statistics supplied inside the prompt.



Appendix: U d Statistical View

Pretraining level:

.
po(x1.T) = HPG(XL‘ | x<t).
t=1

In-context level:
Pe(y | X, Dcontext)~

Overall:

LLM = autoregressive probability estimator + context-conditioned inference mechanism.




Appendix: Distance Metrics

Three quantities compare two next-token distributions p, g over V.

Variational distance (used for ORD, curriculum):

d(p,q) =35> Ip(t) — q(t)].

tey

Top-1 accuracy:

_ |argmax(p) N arg max(q)|
| argmax(p) U arg max(q)|’
With singleton argmaxes, this is agreement of greedy predictions.

top-1-acc(p, q)

L. distance (used to select rules in the top-1 tables):

die (P, @) = max|p(t) — q(t)].



Appendix: Why Variational Distance vs. [

d is symmetric and bounded, so it needs no direction choice (unlike KL, infinite when g(t) = 0 < p(t))
and outliers do not dominate the token-averaged distance.

Lo gives slightly higher rule-approximation numbers for well-trained models, so the top-1 tables
(Tables 5, 7) select rules under L.

Lo fails for two high-entropy distributions: if all p(t), q(t) are small, d;__ stays small even when d is
large. At initialization the model is near-uniform, so it would sit close to many bad high-entropy rules.
The curriculum analysis (§6.1) therefore uses d throughout.
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