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Denoising



Problem definition

® \We formulate image denoising as the problem of estimating an unknown
clean image from a noisy observation:

fol,y) = f(@,y) + e(z,y),  (z,9) €Q, e~ N(0,0%)
® Here, Q C R? denotes the image domain, fo(x,%), f(x,y) are observed
noisy pixel value and unknown clean pixel value at (z,vy), respectively.
® The goal is to estimate the clean image by solving
f=argmin R(f) subjectto > (f(z,9) = folw.y))* =o” (1)
z,y

® R(f) encodes prior assumptions on clean images.



Nonlinear Total Variation Based Noise Removal Algorithms, Physica D 1992



ROF:Definition for Clean image

® Pixel values change rapidly both around noise and around object
boundaries. If we penalize gradients too strongly, object edges are also

smoothed out.

[ 19 1dady

IVl =12+ 15

where u, and wu, denotes horizontal and verical image gradient,

respectively.



ROF Problem Setting

e Let QO C R? be the image domain. The observed noisy image is modeled as

fo(:z?,y):f(:c,y)Jre(m,y), (l’,y) €Q,

where fo : 0 — R is the pixel value of observed noisy image, f: Q2 — R is
the pixel value of unknown clean image, and n : 2 — R is additive noise
which mean zero and variance o2.

® The ROF model estimates u by solving the constrained total variation
minimization problem

fre argmin/ |V f(z,y)| dzdy
f Q

subject to
f(z,y) dedy = / fole, ) dedy,
Q Q

and
1

= /Q(f(-l“, y) — folz,y))" dzdy = o”.



ROF Optimization: Lagrangian Formulation

® Define the total variance:
V()= [ |Vfldad.
Q

® |ntroduce the Lagrangian

ﬁ(f,A17>\2):/Q|Vf|dwdy+A1 (/Qfd:rdy—/nfodwdy)

+ X2 (%/S;(f—fo)dedy—a"’).

® Taking the first variation with respect to u gives

OTV(f) _dTV(f+ed) _ o (Lf)
af de B vVfl)

® Therefore, the Euler—Lagrange equation is

Vf .
O_dw<|Vf\> AL — X (f — fo), in €,

with the boundary condition
Af
Ae

=0 on 0f).



ROF Optimization |lI: Time-dependent nonlinear PDE

® |nstead of solving the Euler—Lagrange equation directly, ROF introduces
an artificial time variable t.

F(@,y,0) = fO(z,y),

f(@,9,) — Flo,y) ast— oo.

Here, £(%) is an initial estimate chosen to satisfy the noise constraints.
® This can be understood from gradient descent:

fr =" = VLL(f") (2)

n+l _ rn
% = V,L(f") 3)
I e v )

® In ROF, the gradient descent direction becomes
du . Vu' t
S div 22 ) — At —
® To find the stable state satisfying Z—’; =0, we update f iteratively:

o= oo () 20



BM3D

Image Denoising by Sparse 3D Transform-Domain Collaborative Filtering, IEEE
TIP 2007



BM3D: Patch-Based Estimation

® Image denoising can be formulated as

f0(337y) = f(x,y) + €($,y)

® BM3D does not estimate function on 2. But it estimates patch
independently:

Ry y(fo) = Roy(f) + Ra,y(e)

where R, extracts an N x N patch centered at location (z,y).
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BM3D: Transform f

® |nstead of estimating the clean patch directly in the pixel domain, we
represent it using a fixed transform basis.

N2 N2
Roy(f) =D Oeyitr, Boy(fo) = 00zykdk
k=1 k=1

where {q&k}kle is a fixed basis such as low and high frequency basis
function.

® Therefore, denoising can be viewed as estimating the clean transform
coefficients 0 .1 from the Og 4 4 i:

arg mgin |6p — 0|§ + ABlo

® And it is well known that clean image patches are often sparse or
concentrated in a few large coefficients.
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BM3D

Noisy Step 1 . Basic estimate Step 2
image P Final
| Block-wise estimates —> Aggregation | Block-wise estimates = Aggregation =» Wiener
n ' 4 E 1 + estimate
L Inverse 3D transform ! U Inverse 3D transform !
Grouping by ! Grouping by !
block-matching  parg thregholding - - - - - - - - block-matching  wicner filtering - - - W T‘
. Veight

==
EZ;!}? 23D ltm!]sfbrm

> t
g — 3D transform

BM3D

® Grouping & 3D tranform: to solve problem that how can we get
representative coefficient for certain patch.

® Why we need Step2
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BM3D: A Toy Example of 3D Transform

1. Group two similar patches 2. Transform coefficients along the group direction

Use two basis vectors across the two patches:

1 1
P = <111 31> 9 Py = <31 111> P = 7 (1) o = 7 <jl)

Use the following 2 x 2 spatial basis patterns: For each spatial basis, collect coefficients across patches:

1 /1 1 1 /1 -1
4)1—5 (1 1>7 4’2—5 (1 71>
1 /(1 1 101 -1
¢375<_1 _1>1 ¢>475<_1 1>
Each patch can be written as a linear combination:

4 710\/50(@702\/5
Py = 10¢1 + 2¢2 + 1093 + 094 common = »Oaite = |

(18) = 10V2 11 + 0¢a
2
(72> =041 +2V210

1
(18> = 10v2 1 + 0ta

10v2 0 0
Py = 10¢1 — 2¢2 + 10¢3 + 04 .
where Ocommon represents spatial patterns shared by

b 10 2 6 100 -2 both patches, while 6 4;¢s represents spatial-pattern
Pr = \10 o)’ P2 = \10 0 differences between the two patches.

[0common;, Oaisr] = T3p (P1)
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BM3D: Details for Step 2

® From the same matched patch group, compute 3D-transform coefficients:

000.y) = Tsp(R(oy)(f0))  0(sy) = T30 (Ray) (1))

® Since fo = f + ¢, each 3D-transform coefficient satisfies

2
00,(2,9).5 = O@,9) T €@w)ir @i ~ N(0,07),
where
1
O(z,p),5 = O(aw).i
® \We want to shrink each noisy coefficient:

() —
e(m,y),j - B(I,y),jeo,(zy),j

® Minimize the MSE only over the noise:

2
. A o A2l [Pl
Bz = argmﬁlnEe [(e(m«,y)ﬂ 500,(36,1/),]) ] = |9(z,y),]‘|2 +02‘

® Since 0(,,,),; is unknown, use the Step 1 coefficient:

o 2
(z,9),3
2 90,(96,;!/),‘7'

+ o2

g2 =
(z,y),3 ‘QEU

z,y),J
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DnCNN

Beyond a Gaussian Denoiser: Residual Learning of Deep CNN for Image
Denoising, IEEE TIP 2017
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DnCNN: Learning the Residual Mapping

Classical denoising methods rely on hand-crafted image priors:

f = argmin {D(f — fo) + AR(f)}

Here, R(f) encodes prior assumptions on clean images.

DnCNN does not explicitly specify a regularizer R(f). Instead, it learns a
residual mapping from noisy-clean image pairs.

Under the noise model
fo=f+e
DnCNN trains a CNN Gy to estimate this residual:

Go(fo) = fo—f
The training objective is
. 1o 2
0" = argmin — ; 1Go(fo) = (fos = £l

where {(fo,i, fi)} represents N noisy-clean training image pairs.
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Learning for Image Denoising

Residual Image

=3
3
2| |2
3 +
+ Z
> ]
c +
S| |z
o
o

Conv + BN + RelLU
Conv + BN + RelLU

Architecture of DnCNN

® Residual Learning: DnCNN can be used to learn the full mapping

%
s
2

fo,i — small correction from noise

Qo(fo,:) would be close to identity mapping.

e Effective for unknown noise levels: By training on multiple noise levels,
DnCNN learns a noise-level-adaptive residual estimator rather than a
denoiser specialized to a fixed o.
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Connection between Gy and R(f)

® (lassical prior-based denoising can be written as
. 1.,
E(f; fo) = §Hf — foll5 + AR(f)
® A gradient-descent update from the current estimate f* is

FH = =0V E(f; fo)| ;e
Since
ViE(f; fo) = (f — fo) + AVR(f),
we have
FH =1 = [(F" = fo) + AVR(fY)] -
e |f we initialize with the noisy image f° = fo, then

£ = fo—nAVR(fo),

® In this sense, residual learning can be viewed as a learned generalization of
a one-step prior-driven denoising update:

Go(fo) = fo—f,  f=fo— Goe(fo).
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DAE and Score Matching

A Connection Between Score Matching and Denoising Autoencoders, Neural
Computation 2011
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AE and DAE

® Autoencoder learns a reconstruction map:
ro() = go(fo(2)),  minEonpyy, [lre(z) — ||,
® Denoising autoencoder corrupts the input:
T =1z +c¢, e~ N(0,5°1).
® DAE learns to recover clean data from corrupted data:
tmin Eo  r0(3) — o

ro(Z) := W7 sigmoid(WZ + b) + ¢
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Score Matching and Denoising Score Matching

® The score of a density is
V. log p()
® Score matching learns a vector field close to the true score:
i1 Eapg [90(2) = V108 Pataa(a)
® Denoising score matching uses corrupted samples:
T=x+e, 0o (% | ) = N(&;z,0°1)

® Since
Viloggs(Z | ) = :

DSM trains

minE; 3
0

¢6(3~3) - o2
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DAE ~ DSM

® DAE objective:
Jpar(f) = mein]Em#j;HTg(i') —z|)?

® Rewrite the DSM objective:
1 - 0log qo
Jpsm(0) == {in/)(x, 0) — MH }
put P(&;0) = ro(Z) — &
= |:1Hi2(WT sigmoid(WZ +b) +c—Z) — MH :|

sty
1
= 551 s—Jpar(0)
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From DAE to Residual Learning

® We've get :
ro(Z) — & ox V3 log p(%)

® Define the residual predictor:
Go(Z) = —ro(Z) x —V3logqo(Z)

® Therefore, DnCNN does not move the image in the negative-score
direction. Instead, it predicts a residual proportional to the negative
score, which represents the noise component to be removed.
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Super-Resolution




Introduction

® Let Y € R*" ™ be a low-resolution image and X € R*>*W pe a

corresponding high-resolution image. (h < H,w < W)
® That is,
Y =(k®X)s +n,
where k is a blurry kernel, | is a downsampling operator and n is the
independent noise.
® The goal is to find X from the observed image Y.

® This is an ill-posed problem, since there can be more than one HR images
corresponding to a LR image.
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Image Super-Resolution via Sparse Representation

® Assume the following:
Y = SHX, (5)
where H represents a blurring filter and S the down-sampling operator.

® Basic Idea : Consider the image patch x € REXH XW’ 3nd the patch
dictionary D € RO*H *W XK Assume that the image patch x ~ Da,
where a € R

® Now consider two dictionaries — Dy, for HR images and D; for LR images.
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Image Super-Resolution via Sparse Representation

® Note that as the dictionary D;, becomes overcomplete, there may exist
many « satisfying x = Dy .

® Thus, the authors aim to find the sparsest solution.

x ~ Dya for some a € R¥ with [|aljo < K (6)
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Image Super-Resolution via Sparse Representation

Local model from sparse representation

® Two dictionaries (D;, D) are trained to have the same sparse
representations for each HR and LR image patch pair.

x = Dpap,y = Diaj, ap = oy

® |nference Process

» For each input LR patch y, find a sparse representation w.r.t. D;.
» The corresponding HR patch x is generated using the coefficients and Dy,.
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Image Super-Resolution via Sparse Representation

® Finding the sparsest representation of y
min |lalo s.t. |[FDia — Fy||3 < € (7)
where F'is a (linear) feature extraction operator.
min |la|; s.t. |[FDia — Fy|)5 < € (8)

Solving (8) for each local patch does not gaurantee the compatibility
between adjacent patches.

® The resulting optimization problem is

min ||a|; s.t. |[FDia — Fy|)5 <,
IPDra— wlff < ¢, (9)
where the matrix P extracts the region of overlap between the current

target patch and previously reconstructed HR image, and w contains the
values of the previously reconstructed HR image on the overlap.
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Image Super-Resolution via Sparse Representation

Illustration of the patch overlap constraint described in Eq. (9)

® The constrained optimization (9) can be similarly reformulated as:

Irgnl\lja*5’||§+/\|\a\|1, (10)

FD,
PDy,

Fy

where D = and y =

29



Image Super-Resolution via Sparse Representation

Note that the HR image X produced by the sparse representation approach
may not satisfy the reconstruction constraint (5) exactly.

® Eliminate this discrepancy by projecting X onto the solution space of
SHX =Y by computing

X" :argm}énHSHX—YHg—|—CHX—XOH§ (11)
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Image Super-Resolution via Sparse Representation

® Joint Dictionary Training

Let X" = (x1,...,Xn) be the vector combined with a set of sampled HR
image patches and Y = (y1,...,yn) be that of a set of sampled LR
image patches.

1
Lix" —Dazl + Y - DZ\|2+A( +—) 12,

{D;m113z 2y N N M

where D}, € R*H'XW'XK 1y ¢ Rexh xw'xK N — cH'W' M =
ch'w’, and Z € REX™.
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SRGAN

® Generator : generate a super-resolved image given input LR image, Y
® Discriminator : discriminate whether a given input image is HR or SR
® Objective Function
> Generator
Lg = Lvgg + 1073 Lagy,
Lvae = [|$(X) = (G(Y)I3, Laav = —Ev[log D(G(Y))]  (12)
where ¢ is VGG19 network (image encoder)

» Discriminator

Lp = —Ex [log D(X)] — Ey[log(1 — D(G(Y))] (13)
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SwinIR: Image Restoration using Swin Transformer, ICCVW 2021

® Most CNN methods are not effective for long-range dependency modelling.

® As an alternative to CNN, Transformer designs a self-attention mechanism
to capture global interactions. However, ViT usually divides the input
image into small patches with fixed size and processes each patch
independently. Using the strategy, the reconstruction result may introduce
border artifacts.

® Network Architecture

» Shallow feature extraction
» Deep feature extraction
» High-quality image reconstruction
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Deep Feature Extraction
Shallow Feature |
Extraction

@

Reconstruction

B
5
=
2
i

(b) Swin Transformer Layer (STL)

(a) Residual Swin Transformer Block (RSTB)

SwinlR architecture

® Shallow feature extraction
» Input : LR image Y € Rexhxw
» 3x3 convolutional layer Hgp ()
» Output : Shallow feature Fy = Hgp(Y) € RE*hxw
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Deep Feature Extraction

HQ Image
Reconstruction

Shallow Feature | o
Extraction

B
5
=
2
i

(b) Swin Transformer Layer (STL)

(a) Residual Swin Transformer Block (RSTB)

SwinlR architecture

® Deep feature extraction

» Input : Shallow feature Fp
» K Residual Swin Transformer Blocks (RSTB) and a 3x3 convolutional layer

» Output : Deep feature
Fpr = Heonv(HpstB (HrsTB,_, (- (HrsTB, (F1))))) € REXAxw
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Deep Feature Extraction

Shallow Feature |
Extraction

@

Reconstruction

B
5
=
2
i

(b) Swin Transformer Layer (STL)

(a) Residual Swin Transformer Block (RSTB)

SwinlR architecture

® High-quality image reconstruction

» Input : Fo + Fpp € REXhXw
» Sub-pixel convolutional layer :
(C, hyw) — (er?, hyw) — (¢, hr,wr) = (¢, H, W)

» Output : X € ReXHXW
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Deep Feature Extraction

Shallow Feature |

HQ Image
Extraction

Reconstruction

B
5
=
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i

(a) Residual Swin Transformer Block (RSTB) (b) Swin Transformer Layer (STL)

SwinIR architecture
® Final output : X* =X + upsample(Y)
® Objective function:

L=]X"~X|h
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LR (x4) ESRGAN [41] FSSR[ 4] RealSR [17] BSRGAN [<0] SwinlR (ours)

Visual comparison of real-world SR (X 4) methods on RealSRSet
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Others




One Diffusion Step to Real-World Super-Resolution via Flow Trajectory
Distillation (FluxSR), ICML 2025

InvFusion: Bridging Supervised and Zero-shot Diffusion for Inverse Problems,
NeurlPS 2025

Chain-of-Zoom: Extreme Super-Resolution via Scale Autoregression and
Preference Alignment, NeurlPS 2025

KernelFusion: Zero-Shot Blind Super-Resolution via Patch Diffusion, ICLR 2026
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New ldea




® Quantized Image Denoising with Discrete Diffusion models

® Explicit prior definition using TV prior in ROF
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