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Quantization

e Quantization encodes each coordinate of a real-valued vector using a
b-bit string.
Q:R*—{0,1}" Q7 ':{0,1}" > R

e Dequantization reconstructs each coordinate using a predefined
representative real value.
e Example:

(—99,56) 3-bit quantization (100’010) dequantization (_10’5)
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LLM Quantization

® TurboQuant is an online quantization method for the key and value
vectors generated during LLM inference.

® When stored in 16-bit precision, the KV cache for LLaMA-7B requires
approximately 512 MB of memory to generate a sequence of 1,024
tokens in a single inference run.

® Applying b-bit quantization reduces the required memory to
approximately % of the original size.
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TurboQuant: Objective

® TurboQuant considers two distortion measures:

Die(w) = Bq [[[2 = @ (Q(@))|3]

Dyroa(:0) = Eq [ (0,2) — (0, Q" Q)]

® MSE-optimal quantization reduces the reconstruction error, but it
does not guarantee that the inner-product estimator is unbiased.

® Therefore, TurboQuant:

MSE-optimal quantization + inner product bias correction
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Quantize Key/Value Vector: Algorithm

® Generate a random rotation matrix II once and reuse it:
Gij PN (0,1), G =UR (QR decomposition), n=vu
e For a unit-norm vector = € S%, rotate the vector:
y = [z ~ Unif(S7)

Then each coordinate has the same marginal distribution:

Yy + 1 iid d—1 d—1 iid. 1
5 e a< 5 5 , Yj N |0, y

® Encode each coordinate to nearest centroid C = (cq,...C9d) € R2’
: d
cy, :arggnéré|yj—ck|, Qmse(x) = (Cyps. .-, 0yy) ER
k

® Decode rotate back:

Qr:l;e (Qmse ('7:)) =Z= HTQmse(x)
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Quantize Key/Value Vector: Theory

® The centroids are chosen to minimize the scalar quantization error:

2b

Cfy.b) = min Z/V(t—ck)ny(t)dt

ClyeesCob
b 72 k:l

[Ck+Ck+1 Ck—1+Ck ]
2 ) 2 '

® Since II is an orthogonal matrix, the MSE satisfies

where V), =

Dinse() i= Ent [ llo = 71}
= En |||z - nTQmse(aon] = En ||l — Quse()1
@ .40
2

d
Z |y] Cyj|2] :do(fy,b) <
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Inner Product Unbiasedness: Algorithm

e QJL: N
SeRr?, s K A(0,1)
QqiL i R — {—1,+1}, QqiL(z) = sign(Sz) € {-1,1}
/2
Qahy -1+ =B Qaly (o= Y26

® For any ¢ € R%, QJL is a 1-bit quantization method that preserves the inner
product in expectation.
E[< ¢, Qq.(Qai()) >] =< ¢,z >
e Apply QJL to the residual
1= = Qe (Quse(2)).
Zqin = QoiL(QquL(r))

® Final TurboQuant result:
T = Tpse + i‘QJL
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Inner Product Unbiasedness: Theory

® The final reconstruction preserves the inner product in expectation:
E [(ya gQJL) ‘ %mse] = <y7 T’>

E[{y, Z) | Zmse] = (¥, Tmse) + (¥, 1) = (y, @)
® The inner-product distortion Dy,oq is controlled by the residual MSE:

T -
Dprod() 7d||Q||gE [”33 fvmseH%]

V3m2(|q13 4b

Dprod(l‘) < d
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Why Near Optimal?

® Near optimality is established by comparing the upper and lower
bounds on the distortion rate.
® TurboQuant upper bounds:

DIQ(z) < ‘/3” 470 vres?

3 2 2
DY (z,9) < ‘@”‘1“2-4—”, vz eS¢, Vg e R?

prod

® Using Yao's minimax principle and the Shannon lower bound, for any
randomized b-bit quantizer @, there exists a hard input z € S such

that
De(a) 247"
and there exists a query vector ¢ € S¢ such that
L
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Appendix: Shannon Lower Bound

Shannon Lower Bound for MSE Distortion

Let X € R? be a random vector with finite differential entropy h(X). Define the
distortion-rate function
D(px,B)i= inf E [||X - X||§} .

XX
I(X;X)<B

Then,

D(px,B) > _a 9% (h(X)-B)
~ 2me

Corollary: SLB for a Random Point on the Hypersphere
Let
X ~ Unif (S%)

and let D(B) denote the optimal MSE distortion achievable with a total bit
budget B. Then,
D(B) Z 2—23/d
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Appendix: Yao's minimax principle

Yao's Minimax Principle

Let A be a set of deterministic algorithms, X" a set of inputs, and ¢(A, x)
the loss of A € A on z € X. For finite A and X,

i Ea, [£(A, = inEq, [€(A4, :
25 B e (4, 20) = 25 B (L 2)

In particular, for any input distribution g,

. N '
e max Ean, [£(4, 2)] 2 min Egny [¢(4, )]
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