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Intro

About MLE convergence

Setup
® Observations: Xi,..., X, idd. P
® Function class: © (finite or infinite dimension)
® Log likelihood: £y(x) = logpe(x)
® Target:

0" € argmaxPyl
6cO

where Pg = [ gdP. (Py = Py~ if well-specified)

MLE:

én € argmax P,y
6cO

where Pog = 5570, g(X).
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Intro

About MLE convergence

® What we want: .
d(0,0%) = Op(r0) (3)
for some distance d (e.g. Hellinger, L2, ...).
1/2

® Parametric: usually r, = n—
® Nonparametric: 7, becomes slower depend on model complexity

® \What we consider - excess risk:
Po(lg~ — Zén) (4)

® Then we consider some relationship between d and the excess risk.
Also, we have Py(lg~ — één) < (Pn— Po)(één — lg+), since Pty > Pplox.
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Intro

About MLE convergence

® Example on Hellinger distance:

dho.0) =5 [ (Vi@ - Va@) du (5)

d% (pg, »por) S Pollox — Ly ) < (P — Po)(Ly — Lo+) (6)
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Intro

About MLE convergence

Point-wise convergence

® We can use CLT to yield point-wise convergence.
Vn(Pn — Po) (Lo — Lo=) = N (0, Varp, (g(X) — Lo (X))) (7

for each 6.

® However, this cannot be implemented to MLE, since 0y, is random depend on the
observations.
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Intro

About MLE convergence

How to yield MLE convergence?

® Basic strategy:

|(Pn = Po)(¢l5, — Lo-)

<sup |(Pn — Po) (Lo — £o~)] (8)
0€0

We need to control the supremum term.

® To control the supremum term, we need to control following tail probabilities:

Pr (sup (P~ Pt — £} 2 ) (9)

We call the probabilistic bounds on the tail probabilities as large deviation bounds.
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Intro

About MLE convergence

Additional techniques
® When © is too big, one can consider sieve O, C ©.
® Sieve MLE:

6, € argmaxP,{g (10)
0€0,

® Let 0] € argmaxPyly, then we can derive the convergence rate as follows:
0€0,

d(0,,,0%) < d(0),60%) + 1 (11)

where the first term (of right-hand side) implies approximation error and the second
term implies estimation error.
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Xy, X, K" f(z]0) for some 6 in ©.

e Let § be the maximum likelihood estimator of 6.

® We are going to prove that \/ﬁ(é — 0") converges in distribution to the normal
distribution with mean 0 and covariance matrix 1~'(8*), where
1(0) = —E(8*f(X|0)/06006).
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Let £,(0) = > log f(X;]0) and let s,(0) = 0, (6)/00.

Note that s, () = 0 by the definition of the MLE.

In addition, we have E(dlog f(X]6)/00) ’9 o+ = 0, which implies that
E(s,(07)) = 0.

Thus, the central limit theorem implies that

) 4 N0 B(s(0)sT (0)).

where s(0) = dlog f(X160)/06.
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® Now, Taylor expansion yields

0= 5,(0) = 5,(67) + [05.(0)/860)](6 — 7).

® Thus we have A
0 — 0" ~ [95,(0)/00)] 5,67,

and so
V(0 = 07) < N (0,050 (6)/00) /n] " E(s(0%)s " (07)))[95(0)/060)/n] ")
® Finally, by changing the integration and derivative operators, we can show that

[05,.(6)/06) /n) "' E(s(6")s " (67)))[95n(6)/06)/n] " — 1(67) .
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We call that a given model {f(z|0),0 € ©} is nonparametric if the dimension of ©
is infinity.

A popular way of estimating 6 is a sieve MLE.

We call ©,,,n =1,... a sieve if ©,, is increasing, the dimension of ©,, is finite and
O, ~ O well.

Let 0 be the sieve MLE (i.e. the maximizer of the log-likelihood on ©,,).
We want to know how fast 6 converges to 6* in terms of n.

A problem is that it is hardly possible to say something about the convergence of §
to 0" since the dimension of 6 is infinite.
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Excess Risk

® [nstead, we try to say something about the convergence rate of S(é), where
E(0) =FEUX,0) — ELX,0%)
for a given loss £(X,0).
® Here, 0 is the minimizer of >or  €(Xi,0) on 0 € Op. and 0 = argming g E((X, 0).
® When £(X, 0) is the negative log-likelihood, 6 becomes a sieve MLE.
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Techniques

o Let B 0(X,0) =" U(X;,0)/n.

® By the law of large numbers, we have
E.l(X,0) = EL(X,0).

® Under regularity conditions, we can show that this convergence holds uniformly in 6.

® |f E4(X,0) is convex and has the minimizer at 6", we expect that 0 is close to 6*

and thus £(0) converges to 0.

® Read references for details.
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Maximum Likelihood Estimation of Misspecified Models. White. 1982.
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i.%.d.

~G(x)

X1,..., X0

Since G is unknown, we choose F'(z|6) which may or may not contain true structure

G.
We define quasi-log-likelihood of the sample as L, (X,6) = n~* > log f(X:,0)
and 6,, = argmaxycg Ln (X, 0).

We also define

6" = argmingco K L(g(z)|| f (3 0)

)
= argmingcg (Eg[log(g(z))] — Eg[log(f(x;0)])
= argmaxycoEg[log f(z; 0)]
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Assumptions

Assumptionl, Al

The independent random 1 x M vectors X¢,t = 1, ..., n, have common joint distribution function
G on €, a measurable Euclidean space, with measurable Radon-Nikodym density g = dG/dv.

A\,

Assumption2, A2

The family of distribution F'(x,#) has Randon-Nikodym densities f(z,0) = dF(x,6)/dv which
are measurable in x for every 6 in ©, a compact subset of a p-dimensional Euclidean space, and
continuous in 0 for every x in €.

A\,

Assumption3, A3

® (a) E4(log(g(X))) exists and |log(f(x,8))| < m(x) for all 6 in ©, where m is integrable
with respect to G.

® (b) KL(g(x)||f(x;0)) has a unique minimum at 6* in ©.
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Consistency

Given A1-A3, 0,, — 6* as n — oo for almost every sequence (x¢); i.e., 0, 22 9%,

* By A3 (a), supyee | £ D7 log f(zi;60) — Egllog f(X;0)]| == 0 asn — occ.
® By A3 (b) and A2, © is compact and Eg4[log(f(X;#)] has unique maximum for 6.
® Using Argmax Theorem, argmaxycq L, (X, 0) — argmaxycoEg[log f(X;0)].

® Therefore, én — 0",
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Assumptions

Assumption4, A4

%9@,9))71. =1, ..., p,are measurable functions of x for each 6 in 2 and continuously
differentiable functions of 6 for each z in Q).

Assumption5, A5

| A\

2
|2 1§§§2§?,9))| and |81°g((9f(9§x’9)) : alogé{,('x’e)) l,2,7 = 1,...,p are dominated by functions
10V i

integrable with respect to G for all z in 2 and 6 in ©.

Assumption6, A6

| A\

® (a) 6" is interior to O.
9 lo; x,0 dlo x,0
* (b) Ey] géfe(i ) . géfei )

He:e* is nonsingular.

a? log(f(xﬂ))]
6]

® (c) 07 is a regular point of Eg| 6,90,
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Asymptotic Normality

® For convenience,

An(9) = {n_l ia2 log f (x4, 0)/891-803}

t=1
Bn(0) = {n—l > " dlog f(wt,0)/90; - dlog f(xt,e)/aej}
t=1
A(0) = Eg[(8 log f(x+,0)/00,00;)]
B(0) = Eg[(0log f(xt,0)/00; - Olog f(x,0)/00;)]
® By A4, A5,

sup |An(0) — A0)] =250 asn — oo (12)
6coe

An(67) B A(6%)

IDEA lab (SNU stat) Bayesian Asymptotics March 31, 2026



Asymptotic Normality

® Let s,(0) = OL,(0)/00 and s(0) = dlog f(X10)/00.
® In addition, we have E [0 log f(X16)/00] ‘9 or = 0.
® Thus, the central limit theorem implies that

Visa(87) % N(0,Ey(s(67)s" (7))

where E,y[s(6%)sT (6%)] = B(0")
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Asymptotic Normality

Given Assumptions A1-A6, /n(0 — 6%) ~ N (0, A(6*) "2 B(0*)A(6*) ™).

® Now, Taylor expansion yields
0= 5n(0) = 5,(0%) + [05n(0)/80)](0 — 67).
® Thus we have .
0 — 0" ~ —[0s,(0)/09)) ye g Sn(07),
and so .
V(= 0%) 5 N(0, (A7) B07)(-A(0) )
® However,

A0 B0 A0 A A0
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® Convergence Rate of Sieve Estimates. Shen and Wong. 1994.
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i.1.d.

Let X1,...,X, '~ f(x]|0") for some 6 in O©.

Let l: X x © — R be a suitably chosen function.

Let 0, be an estimate defined by maximizing the empirical criterion
Ln(0) = (1/n) > 7, 1 (X4, 0) in the following sense:

Ly (0n) > sup Ln(6) — nn
0cO

where 1, — 0 as n — oo.
If I(z,0) = log f(x|0), The MLE 0, is obtained by maximizing Ly, (6).

The MLE may be inconsistent if the size of the underlying parameter space is too
large.
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Let On,n =1,... be a sieve. (6, C O, 6, /" 0)

Assume for any 6 € O, there exist m,0 € ©,, such that, for an appropriate
pseudo-distance p, p (m,0,0) — 0 as n — oo.

Let én be the sieve estimates, which is required to satisfy
Ln(8,) > sup Ln(0) — 1 (13)
6cO,

The authors want to know how fast 0 converges to 0 in terms of n.

For positive €,, the convergence rate is O (e,,) if p(Thn,60) is Op (en) under P. =>
For any § > 0, there exist M > 0 and N € N such that

Vn > N, P(p(Tn,60) > Mey,) <6
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Main Results.

Let p(-,-) be a pseudo-distance on ©.
® The authors call the quantity I (z,60) — I(x, 0) the criterion difference at 6.
The authors focus on the sieve MLE, where I(z,0) = log f(z, 6).

* All result apply to any estimate 6,, maximizing L, () over ©,,, as long as I(z, 0)
satisfies the regularity conditions.
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Main Results.

Condition C1.

For some constants A; > 0 and o > 0, and for all small € > 0,

inf E[l(X,60) — I(X,0)] > 24,
{p(60,00)>¢,0€0,}

® |n order to have convergence, the expected criterion difference should be zero at
0 = 0y and positive otherwise.

® Condition C1 simply specifies the rate of increase of the expected criterion
difference as 0 moves away from 6y. On the other hand, as 8 — 0y, the criterion
difference should approach zero.

March 31, 2026
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Main Results.

Condition C2.
For some constants A; > 0 and 8 > 0, and for all small ¢ > 0,

sup Var (1 (X, 600) — 1(X,0)) < Aze®”.
{p(6,00)<<,0€0,}

® Condition C2 basically controls the rate of decay of its variance as 6 approaches 6.
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Main Results.

Condition C3.
Let

Fn={1(-,0) = L(-,mnb0) : 0 € On} .
For some constants o < % and Az > 0,
H (g, Fn) < A3n®™e™"  for all small € > 0,

where H (g, F,) is the Loo-metric entropy of the space F,, that is, exp (H (g, F»)) is
the number of e-balls in the L..-metric needed to cover the space F,.
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Main Results.

® Condition C3 controls the size of F,, induced by 6 € ©,,, that is, it controls the
effective size of the approximating space O,,.

® |n the case when unrestricted maximization can be used, one has ro = 0, and r
depends on the characteristics of the function class.

e 127 disappears because it is done at © without maximizing at ©,,.

® Thus, in the case of sieve estimation, the sieve approximation error p (7,60, 00)
decreases in n and the entropy count increases in n as n'.
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Main Results.

Theorem (Main Theorem)

Suppose Conditions C1 and C3 hold and 0, satisfies (13) with n, = o (n=%), where

2(1—2rg) _ loglogn ifr = 0+’

2 alogn ?
2(1-2 5
2-2ro) ifo<r<2,
w = 2+
1—2rg loglogn ifr—2
2 ~ Tlogn r e = 2
%, ifr > 2.

=9 is understood to represent log(1/e).
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Main Results.

Theorem (Main Theorem)
In addition, Condition C2 is also supposed to hold for the case of 07 < r < 2. Then,
p(6n,00) = Op (max (n777 p (7n0,00) , K2 (100, 90))) 5

where K (m,00,00) =E (1 (00,Y) — l (7n00,Y)) and

1—2r loglogn .
2040_ 251051@’ IfT:0+"82a’
1-2 :
ﬁ, ifr=0%,8<a,
_ 1—2rg .
T =4 To—min(a,f)@Z=1)" ifo<r<2,
1-2r9 _ loglogn ifr=2
) 4o 2alogn’ —
2o, ifr>2.
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Main Results.

® In the case of MLE, the expected criterion difference Eg, (I (60,Y) —1(0,Y") reduces
to the KL pseudo-distance,

K (07 90) = ]Ego log (p (00, Y) /p(ev Y)) .
@ If we choose p (6,00) to be the Hellinger distance, then Condition C1 holds with
a=1.
© If K(mnb0,00) = O(n™2°7), it will not enter the rate calculation.

© The extra logn factor in Theorem 1 for the case of r = 0 can be removed if an
extra continuity assumption is made on the criterion difference.
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Peeling : Main technique of proof.

(k)

® The authors obtain bounds for the tail probability for a decreasing sequence of rates &,
where Kk =1,2,....

® Strategy: A recursive probability decomposition based on the division of the parameter
space into BSP

P (p(én,eo) > De;’”) ({p(@n,Bo) > DelFPyu Bg’”)
<P (p(0n,00) > D) + P (BY) (14)
where B = {Da(k> < p(0n, 00) < Dell 1)} fork=1,....
o ( (6, 00) > De< )) is bounded by Lemma (2).

® Assume D > 1 and the authors only prove the case of 4a > 6(2 .
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Used lemmas.

Suppose Conditions C1 and C2 hold. Assume also that Condition C3 holds if 0t < r < 2.

Let e = n—min(a1,(1=2r0)/[a(r+2)]) | where oy = (1 — 2ro) /(4a). Then there exists an
M > 0 such that, for any D > 0, we have

P (p(én, 0o) > Ds,(ll)) < 5exp (—(1 — ) max (D4°‘, DQO‘) ManTO) .
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Used lemmas.

Suppose Conditions C1 and C2 hold. Assume also that Conditior C3 holds if 07 < r < 2. If at
Step k — 1 we have a rate

67(116_1) > max (7L7(172”))/[0‘(T+2)],p(Trnao7 0o), K1l/2 (7rn90,00)> s
so that

P (p(én,ao) > Daﬁf*l)) < 5Ghn.

® Gn =exp (—(1 — ) max (D**, D2%) M1n270) + (k — 1) exp (—Ln0).
® 5o = min (7T:'fg° , 7BT(14;2T0> + ro).

® L =(1-¢)min(M2D?*, MzD1—B(2-7)/2),
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Used lemmas.

Then at Step k, we can find an improved rate
P (p (0n.60) > D) <

5 [exp (~(1 — <) max (D%, D) Myn?10) + kexp (1)

o e = max (n=o%, n=(1=2r0)/ (2] (7,0, 60) , K1/2% (160, 60)).

1-2rg ap_18(2-1)
4o 4o

1—2rg
4da—pB(2—71)

® op = — ask - xif B < a.
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Key Tool: Lemma 1

If
H (e, Fn) < Agn?®70e™",

for € € (0, a], where a is a small positive number. Then,

P (fsu]l_;} vn(f) > M> < 5exp(—(1— €)1 (M, v, Frn))

n

® Notation and condition in Lemma (1):
® vn(f) =n" 230 (F(Yi) — Ef(Y))).
® M: The threshold that the process must exceed, whose condition varies depending on
the metric entropy index r o Condition C3.
® v >supg, Var(f(Y))
Y1(M, v, Fn) = M2/ [2v (1 + M/3n'/20)]
Fn: The class of functions, whose complexity is controlled by metric entropy.
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Applying lemma 1 to lemma 3

® Main part of whole procedure:

P(BY) <P < sup vn(f) > M)
feEFn

Table: Matching notation between Lemma 1 and Lemma 3

In Lemma 1 In Lemma 3

f(Y) 10,Y) — U(mnbo,Y)

vn(f) n/2 (Ln(6) — Ln(mn80) — E[Ln(6) — Ln(7n60)])
M Arn'/2(Del?)2a o Condition C1

SUpPfer, Var(f(Y)) SuPGEBSLk) Var (1(0,Y) — l(7n600,Y)) = v

v 4A5(De'F~1)28 & Condition C2
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Applying lemma 1 to lemma 3

® To use Lemma 1 on P (B,(ik)), we must show that the following inequality holds:
k
P(BX) <P | sup (Ln(0) — Ln(mnb0)) > —nn
9e B
® By the definition of the Sieve estimate, én satisfies:

Ln(én) > sup Ln(0) —mn
6cO,

® Since m, 0y € On, the following holds:

Ln(én) - Ln(ﬂneo) > —Nn

If 0, € B, sup,_ i) La(8) > La(0n),

sup (Ln(0) — Ln(7n60)) > Ln(65) — Ln(mn0) > —1n
0eBP
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FMN

Matching notation for Applying lemma 1 to lemma 3

® Recall
* F(Y:) = U0, Y:) — [(mnblo, Vo).
® v (f) +— nt/2 (L (0) — Ly (mn00) — E[Ly(0) — Ly (mn600)]).

Ly (0) — Ly (mn60) = Zl@Y Zzwneo,
772 (0,Y;) — U(mnb0,Y:))

-1 Z(f(m-) + E[f(Y:))

— v (f) +E[(0,Y) — Um0, Y)]
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FMN

Applying condition C1 to lemma 3

® Recall
1
sup, (=) + BIO.Y) = (.00, V)D ) = = (15)
6eB® n
® And
1 .
v () = it @mon )10 =m0
® Recall
P(B) <P ( sup (Ln(0) — Ln(mnbo)) > —m) (17)
6eB®

—P( wp () = ot (Eumeo,m—l(&Y)])—m) (18)

0eBL®
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FMN

Applying condition C1 to lemma 3

® To use Condition C1
E[l(mn00,Y) = 1(0,Y)] = E[l(60,Y) — 1(0,Y)] —E[l(60,Y) — l(7nB0,Y)]

® The second term represents the Sieve Approximation Error, denoted as
K (mn00,00).

® By applying Condition C1 on B, the first term is bounded below:

inf E[l(6o,Y) —1(8,Y)] — K (mnbo,00) > 241 (Det™)** — K (060, 60)

0eBL)
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Applying lemma 1 to lemma 3

® Thus, allocating half of the coefficient 2A; easily absorbs these errors:
241 (D)2 — K(mn00,00) — nn > Ay (D)2
® Final Result: Applying Lemma 1 with the entropy bound and variance bound vy yields:

PBIY <P -2 sup wn(f) > Ar(DeF))2e
" oeB(®

=P | sup vn(f) > VA (De)?e
oe B

< 5exp (—(1 = un (A2 (Dell))?* 445 (D), 7 ) )
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Bernstein-von Mises Theorem

® Note that the posterior distribution is given as
m(f|Data) x H f(X;10)m(6).
i=1
e Let § be the MLE and rewrite the posterior as
7(6|Data) o exp (zn(e) - zn(é)) (8),

where £, (0) = >0, log f(X4|6).

® Taylor expansion vyields

£n(8) = £n(0) ~ 5 (8) T (8 — 0) + (6 — 6) T [05(8) /6] y_4(6 — 6).
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Bernstein-von Mises Theorem

® Since 5,(0) = 0, we have
m(0|Data) o exp ((9 — 0) T [95n(0)/06),_s(0 — é)) (6).
o Thus, we can say that
V(6 — 6)|Data % A°(0,171(6%))

in probability.
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Preliminaries

d(P, Q) : Hellinger distance for distribution P and @
Gole] X1,...,Xn ~ Py

P DHstE 2L Y (Model space)

® p : density for P € P

IL,(-) : P Y0IM H2lEl prior distribution

® Posterior distribution2 C}=21} ZH0| X o| &

Jp Iy p(X3)dIT (P)
IL,(B|X1, ..., X,) = T (%0t ()
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Main Theorem

Theorem (Theorem 2.1 from Ghosal (2000))

Suppose that for a sequence e, with e, — 0 and ne2 — oo, a constant C' > 0 and sets
Prn C P, we have

log N(€én, Pn,d) < ne: (19)
g po(X) P p(X))’ xp(—ne

Hn<P.IEpo[log p(X)} < n,Ep0|:10g p(X)] < n) > exp(—ne,C) (20)

I, (P\P») < exp(—ne.(C + 4)) (21)

Then for sufficiently large M, we have that 1L, (P : d(P, Py) > Men|X1,...,Xn) — 0 in
Pyt -probability
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Proof of Main Theorem

Ct22} 242 2712|9] StepS EQY22ZM Main Theorems ZSHGI A}

=
(1) Ep(')ﬂ[ﬂn('P\'Pn|X1, ey Xn)] — 0
(2] Epéﬂ[ﬂn(P € Pn: d(P, Po) > M6n|X1, ...,Xn)] —0

o
0
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Proof of Main Theorem - Step 1

po(X) 2 p(X)]* _ >
= . < <
B, {P Ep, [log p(X) | = €, Ep, {log 2(X) <e, (22)
A, = {Xl,...,Xn : ﬁ p(Xs) dIl, (P) > exp(72nei)ﬂn(3n)} (23)
i=1 Po(Xi)
O|2t1! gtf, Lemma 8.1(Ghosal 2000) Of 2|5t0{ Pi'(A,) — 1 O] &gt

SiAL : RIRH(P)QF HIABH DUS0| 2E5] YCHR (IL,(B,) 1), Likelihood ratios U2
St3HICH O 20fR(7] Qh=Ct.

=2 o
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Proof of Main Theorem - Step 1

T,

Epg [T (P\Pn| X1, .., X))
< Epg [T (P\Pa|X1, . ,Xn> <A )} P43

. _f73\73n - 1p
_EP(;L_ sz 1p An]
o, T < )/po< )T, (P) c
=y | prnz’ () o (X)), () >] B (4n)
2 1
<Epp /79\7>n 11 Xi)/po(X ))dHn(P)} exp(2nen)m
— L. (P\P,.) exp(znen)m +PP(AS) 5 0
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(24)
(25)

(26)

(28)

(29)




Z, Seive P, Y0||= posterior mass?7} 72| OIQIZ| QLT W2tA|, R2|= Sieveli|A{2]
posterior mass@HS ZA}SHH ZICH
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Proof of Main Theorem - Step 2

Lemma (Theorem 7.1 in Ghosal (2000))

Assume that condition (19) holds, i.e.,

log N (en, Pn,d) < nei-
Then, there exist tests ¢, such that

Epp¢n < 2exp(—Kne) (30)

sup Epn (1 — ¢n) < exp(—KnM?¢), (31)
PEPyp:d(P,Py)>Mey,

where K > 0 is a constant.

SfiA] : SieveOl| A= EES0| A0 HCHEL, A1Z32F L H2Z227t & controlk|&
test functionO| ZAY|5tC}.
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Proof of Main Theorem - Step 2 : Background

Local Testing (Birgé's Lemma)

For the true distribution Py and an alternative P; with distance d(Po, P1) > €, there
exists a test function ¢ such that:

Epy[¢] < exp(—Cne), Ep,[1 — @] < exp(—Chne)

Global Testing

| A\

To test Py against a vast alternative space P, = {P : d(P, Py) > €, } covered by N
balls, we combine local tests (Union Bound).
There exists a global test ®:

® Global Type | Error: Ep,[®] < N exp(—Chne2)
® Global Type Il Error: supp.p Ep[l — @] < exp(—Cne2)
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Proof of Main Theorem - Step 2 : Overview

The Birth of the Entropy Condition

For the global test to succeed, the Type | error must vanish as n — oco. The exponential
decay must strictly dominate the model complexity /V:

Nexp(—C’nei) —0 = logN < Cné?

= This is exactly Ghosal’s Condition (19)!
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Proof of Main Theorem - Step 2

Q0| LemmaOf| 2|5t0d, test functionS ¥ 4= U2, 0| O|25IH C2u} ZCt.

Ep, [Hn(P € Py :d(P,Py) > Mey| X, ..., X. ] (32)
=Ep, {HH(P € Pn i d(P, Py) > Mep| X1, ..., X)) } (33)
+Ep, [Hn(P € Pn: d(P, Py) > Mey| X1, ..., Xn)(1 — ¢n)] (34)

Al (33) € Test function®| H1Z2227t X|£ZHO 2 27| 20| LA ECt

=~
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Proof of Main Theorem - Step 2

Test function2 AI23t= 0|F

Al (33) 9 AR : Test functionO| Py0f| LI2A QU WEtsH= AL, Type 1 error
SEE A0

Al (34) O] AL : Test functionO| PyOj|A| Lt

3o
fa
kJ
H
o
ofi

mCtSH AL, Type 2 error &2 A|0f
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Proof of Main Theorem - Step 2

Al (34) 9| upper bound= CH31t 2Tt

Epp [Hn(P € Pn 1 d(P, Po) > Men| X1, ..., Xn)(1 — m)] (35)
n o 2D g, (P
<Epp |:fPe79n:d(P,Pg)n>Me:()l;[)zl po(Xy) ( )(1 _ ¢n)H(An):| + Py (AL) (36)
in:l po()gi)dH”(P)
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Proof of Main Theorem - Step 2

Al (36) Of|A ZHHAY term2| upper bound= CHS 2} ZCt

n  p(X;) dHn(P)
Epn [fpepn (P, P0)>Me:(}l(_[>z 1 po(X2) (1-— ¢>n)]1(An)] (37)
fH’L 1 po(X; )dH ( )
" op(X)) exp(2ne2)
< Epn lfqbn]IAn]dHnPi 38
/Pepn:d(P,Po)zMen o {1:[ J(An) (P) T, (Bn) (38)
exp(2ne2)

< Epn [l — ¢pdll,(P)————= 39
/Pepn:d(P,Po)zMen ol ) ®) I, (Bn) (39)
< sup Epn[l MM -0 (40)

PEPp:d(P,Py)>Men I1,.(Bn)
O
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Asymptotic Behavior of Bayes Estimates under Possibly Incorrect Models. Bunke and
Milhaud. 1998.
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Preliminaries

Notation

® X1, , X, %G and Py, 6 € O is a misspecified model.

® g and py are densities of each G and Py.

® K(0) :=KL(g,ps) and O¢ = {fc € B|0c = argmin, o K (6)}.
Let 6 ~ 7(6) be the prior distribution and 7(0| X1, -, Xy) oc m(0) [T}, po(X:) be
the posterior distribution under the misspecified model.

® For a loss function L : © x © — [0, 00),

0n = argmin,,Eg|x, , [L(t,0)| X1, -+, Xn] (41)

is called a pseudo-Bayes estimator.

Goal: Strong consistency and asymptotic normality of the pseudo-Bayes estimator.
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Conditions

Al. © is a closed convex set in R? with a nonempty interior, the density pp(z) is
bounded over © x R” and its support is the same for all 6 € ©.
A2. For all 6 € ©, there is a sphere S[0,7(0)] such that

log (LX)> ’ st € S[e,n(e)]} < o0. (42)

ES“"{ (X

A3. For all fixed z € R¥, the density pg(z) has a continuous derivative py(z) w.r.t. § and
there are positive constants ¢, by with

/|\[pe(x)]”pé(m)l|4(d“)pa(x)dx <c(1+1611™) (43)

for all 6 € ©.
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Assumption (Continued)

A4. For some positive constant b1,
Q) = [@g@)dz < o™, vee. (44)

A5. There are positive constants b2, b3 so that for all 6 € © and r > 0 it holds that

0<7w(SO,r)) < er®? T+ (0] + T)b3). (45)

V.

Under the assumption A1-A5, followings hold for all p > 0.
Eox,., (d%(0)| X1, -+, Xn) %0 where dg(f) = min{||0 —t|| | t € Oc}.
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Proof of Theorem

Let Z,(0) := T} 1po(X:)/9(X;) and €,d,n > 0 be given. Then, we can get the upper
bound of Eg|x, ., (d%(0)| X1, -+, Xn).

Eoixy,. (@5(0)1 X1, -, /d O)w(61X1, -+, Xp)d6
_ 7, pe(Xs) Zn(0)
_/dp T (e ™ 4 = /dp 5O T oyt O

By [d(0)Za(9)] (46)

oy Bo [0 Z,(0)1(d2(0) > o)

Eo[Za(0)] Eo[Zn (0)

Eg (110117 24 (0)1(d%(0) > €, 10]] < 8)] + Eq [I101I7 Za (9)1(]16]] > 6)]
Eg[1([0]] < 1)Zn(0)]

—eP —+
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Proof of Theorem (Continued)

To bound the dZ,(8), authors suppose 0 € O¢ without loss of generality. From this,
de(0) = min{[|0 —t[| | t € O} <[]0 —O[| = [|0]]. (47)
And then, let
An = Eq [[|011P Zn(0)1(dg; () > €, 1|0]] < 0)]
Bn = Eo [|16]]” Zn (0)1(116]] > 5)] (48)
Crn = Eg[1(|I0]] < 1) Zn(6)]
Finally, need to show that the followings hold for some a > 0
® exp (n(K(0) +2a)) A, — 0 ass.
® exp (n(K(0) + a)) B, — 0 as.
© exp (n(K(0) + £)) Cn =  as.
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Assumption (Additional)

A6. Let L : © x © — [0,00) be a measurable loss function with
L(0,0) =0, c1, c2, c3, ba, bs be positive constants with

(et — 0]]°%) A ez < L(t,0) < cs|t — 6]|* (49)

for all t, 0 € ©.

If O is unique, it holds under the assumption A1-A6 that for all pssudo-Bayes estimators
0., w.r.t. the loss function L,

0n =3 0¢. (50)

v
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Asymptotic Normality

® Under some regularity conditions regarding the I(z, 0) := log p;((zx)) and the loss

function L, the author shows the asymptotic normality of the pseudo-Bayes
estimators.

If Oc is unique, the pseudo-Bayes estimator O is asymptotically normal.

Vb, —0c) 5 N(0,%) (51)

where, ¥ = Ly "LiM ' IeM ™~ (L' Ly) ", Ic := E [I'(z,06)!' (z,0c) ],
M = —El"(z,0c), L1 = LYY (0¢,05) and Ly = L&9 (05, 0¢).
Note that I'(z,0c) = Zl(z,0c) and I (z,0c) = 25l(z,0c).
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Let 7. (t) = Egx,,, [L(t,0)| X1, -+, Xy]. From the definition of O, 74, (0,) = 0. Then,
do talyor expansion 77, (t) at t = fg,

0 =11 (0n) = 15 (0c) + 71 (06) (0n, — 05). (52)

From this, we can know that \/n(6,, — 0c) ~ —[rl(0c )] ty/mr (0c).

First, 7, (0c) = Egx,.,, [L(Q’O)(GG,Q)\Xl,--- ,Xn] L5 L2909, 0¢) by the previous
theorem.

Second,

Vi (86) = VB x,,, L0006, 0)X1,- -, Xn]
~ VnEo|x,.,, [L(l’o)wcaec) + LY (0g,06)(0 — 06)| X1, 7Xn] (53)

LEY(0g,06)Eg x,,,, [Vr(® —0c)| X1, , Xn].
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Proof (Continued)

Now then, let ¢ = v/n(6 — O¢) and obtain the distribution of ¢| X1, -+, Xp.
From change of variable, we can know that

X X 6 ¢ on <0G il ﬁ) 54
X1, —_) ——
(X1, n)“W(G‘f’\/ﬁ) 700 (54)
So that,
t
logm(t| X1, -, Xpn) =~ log Zpn, (HG + 7) —log Zy,(6g) + Constant. (55)
n

Applying second order Taylor expansion to Zn(0),

log Zn (9G + %) log Zn(0c) ~ Zl X;,0) — \/a {i: —l“(Xi,Q)] —. (56)

=1

%w
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Proof (Continued)

Then,
1
logm(t| X1, -, Xn) Rt Sy — itTMnt + Constant, (57)

where S, = ﬁ YU U(X4,0) and M, = L [0 —1"(X4,0)].
From this formula, we can obtain 7(¢|X1,--- ,X,) =~ N(M,'S,, M;;'). So that,

Eoix,.,, [V(0 = 06)| X1, , Xn] ~ M 'S, 5 MTIN(0, 1) (58)

By combine above results,

N -1
V(b —6c) % [L(2'0)(9G,9G)] LYY (06, 06)M ™' N(0, Ic). (59)
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Misspecification in infinite-dimensional Bayesian statistics. Kleijn and van der Vaart.
2006.
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o,

prior2| support C P2t
s

® model P7} true probability measure PoS Z86tZ| L1
ASHO|| A posterior?t P* € P 222

0|21 misspecified

posterior ™ |ncon5|stent°F A,
is a point that minimizes the KL divergence of Py to the model P
P. That is, Ep, log 5—2 < 0. (Pp < P*)

O] =Z0llM 221 A
ZERAS AL 5

e p*
Assume the existence of a point P*

March 31, 2026

Bayesian Asymptotics
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Notations

Py: Z=E G|O|Ee] AA| I (True distribution)

® po: dominating measure pOf| CiSt Py Q| & YU &4

® P: Model, a collection of probability distributions

Pp: 2P U9 elo| 22t 1 Y ot

II: 22 P /0] 0|2l AFH 2X (Prior distribution)

M, (X1, ..., X,): GIOJE] n747t ZOIHE The| ALE 22

d: 29 P 20| Hol=l 29|9| semi-metric
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Ni(e, P, d; Po, P*)

A covering number for testing under misspecification
® Define N¢(¢, P, d; Py, P*) as the minimal number N of convex sets Bi,..., By of
probability measures needed to cover the set {P € P : ¢ < d(P, P*) < 2¢} such

that, for every B;,

p\" . €
inf —logE =) >
PlgBi 03221 8= (p*) — 4

t= finite covering0| = BRO0|= Ni(e, P, d; Po, P*) = 002 H9|

Bayesian Asymptotics March 31, 2026
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Main Theorem

For a given model P, prior II on P and some P* € P, assume that —Ep, log(p* /po) < co and
Ep, (p/p*) < oo for all P € P. Suppose that there exist a sequence of strictly positive numbers
en with e, — 0 and nei — oo and a constant L > 0, such that, for all n,
Ni(e, P,d; Py, P*) < exp(ne2) Ve > ey, (60)
II(P € P:Ep,log(p*/p) < 2, Ep, [log(p”/p)]*> < €2) > exp(—Lne2) (61)
Then for every sufficiently large constant M, as n — oo,
I, (P €P:d(P,P*) > Men|X1,...,Xn) =0 inLi(FP). (62)
v
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Main Theorem

® (60) is about the entropy condition. Corresponds to (19).

® (61) is about the prior mass condition. Requires that the prior measure assign a
certain minimal share of its total mass to P*. Coincides with (20) when P* = P.

* 2}0|Y2 Proi| tieh 7|SHZLo] OfL{1 Pyof| Chet 7|SHZt0lets A
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Test function

® We now aim to construct a test function.
® Ghosal (2000): The test function ¢, distinguishes between Py and sieve P,, (p.59).
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Test function

® We now aim to construct a test function.
® Ghosal (2000): The test function ¢, distinguishes between Py and sieve P,, (p.59).

® On the other hand, when the model is misspecified, we need to construct a test
function that distinguishes between P* and P.

® This might seem counterintuitive since the observed data are realizations from the
true distribution Fp.

® Thus, the authors introduce a new measure Q(P) as follows and consider testing
Q(P) versus Py:
dQ(P) = (po/p”)dPr

® Note that the measure ) may not be a valid probability measure.
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Recap : Ny(e, P, d; Py, P¥)

A covering number for testing under misspecification

® Define N¢(¢, P,d; Py, P*) as the minimal number N of convex sets Bi,..., By of
probability measures needed to cover the set {P € P : e < d(P, P*) < 2¢} such
that, for every B;,

p\* €
inf —logEp (£) > <
o, s () > ‘63)

® The definition of IV is designed to ensure the existence of a test function ¢,,.
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Why Convex?

® Testing P* against a set of alternatives B; requires finding a single test ¢ that performs
well uniformly over B;.

® Minimax Theorem : For a convex set B C P, the minimax testing risk equals the risk of
testing against the Least Favorable Pair

inf sup (Ep¢+Eq(1—¢)) (Epo+Eq(1 - 9))
PEP QeB

= sup inf
QeB 9€®

® Geometric Intuition: For convex sets, the linear decision boundary separating Py and the
Least Favorable Distribution P € B; strictly separates Py from the entire set B;.

® If B; is non-convex, the boundary might intersect the set, leading to a catastrophic Type Il
error.
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From Pseudo-measure to a-Affinity

® To test Py against the pseudo-measure dQ(P) = (po/p*)dP, use the a-affinity,
which bounds the optimal testing error for a single observation (0 < o < 1):

Affinity,, (Po, Q) = /pg(dQ)l“’ = /pS (p@> @ (64)

p*

[ (E) T | ()

® By symmetry (replacing 1 — o with «), this is exactly Ep,[(p/p*)?].

(65)

| I
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Decoding (63)

The paper requires: inf pe g, supg.,; —log Ep, [(p%) } > %

By negating and exponentiating, for the worst-case P € B;, we get:

@ 2
. P €
£ < =

0<12f<1EP0 [(p*) ] exp ( 4>

Conclusion: Raising this to the n-th power guarantees the existence of a test ¢, with an
exponentially decaying error rate < exp(—ne?/4) for the convex set B;, Vi.
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Test function

Suppose P* € P and Ep,(p/p*) < oo for all P € P. Assume that condition (60) holds,
ie.,
Ni(e,P,d; Py, P*) < exp(nei) Ve > €.

Then, there exist tests ¢, such that,
Epg ¢n < 2exp(—ne, /4) (66)

sup Egpyn (1 — ¢n) < exp(—nM?Ze2 /4). (67)
PeP:d(P,P*)>Me,
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Proof of Main Theorem

Define A,, and B,, similarly as in p.56. That is,
An = {X1,..., Xn /Hpﬁ (P) > exp(—2ne2)IT (Bn)}

By, :={P € P:Ep,(logp"/p) < €1, En, [(logp"/p)]* < €.}
Note that B,, appears in (61).
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Proof of Main Theorem

We prove the main theorem by showing that each term in the following decomposition
converges to zero.

Epy [IL,(d(P, P*) > Men| X1, ..., Xn)]

= Ep,[IIn(d(P, P") > Men|X1, ..., Xn)¢n] (68)
+ Ep,y [l (d(P, P*) > Men| X1, ..., Xn)(1 — ¢n)lac ] (69)
+ Ep,y [n (d(P, P*) > Men| X1, ..., Xn)(1 — ¢n)la,] (70)

® The first term (68) < Epy[¢n] < 2exp(—ne;, /4) — 0 from (66)
® The second term (69) < Pg'(AS,) — 0 by Lemma 8.1(Ghosal 2000).
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Proof of Main Theorem

® The final term (70) converges to O similarly as in p.65. That is,

Epp (I (d(P, P*) > Men| X1, ..., Xn)(1 — ¢n)la,]

_ Joepacppeysare, iy 2 (Xi)dIn (P) -
=By | (1 énla)

exp(2ne2)

dIl,(P) T, (By)

“p
I =o.)

</ Ery
PeP:d(P,P*)>Me,
exp(2ne2)

< Eomyn (1 — én)dIT, (P
/PEP:d(P,P*)ZMen o ) (P) I1,.(Bn)

exp(2ne?)
I1,(By)

< exp(—nM?>é2 /4) — 0 from (67)
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Gibbs posterior

Notations
® Data: U ~ P (in most cases, U = (X,Y)), U € U.
® Loss function lg(u) : U — R
® eg lp(u) = (y — 0(x))? for u = (z,y) and a function of interest 0.
® Population risk: R(0) = Ey~ple(U)
® Empirical risk: R,,(0) = L 3" 1o(U;)

T n

Population risk minimizer:

0™ € argminR(9) (71)
0co

® Prior: mw(-)
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Gibbs posterior

® Gibbs posterior = Generalized posterior; update the belief via empirical risk, not
likelihood (Bissiri (2016)).

Definition (Gibbs posterior)

Given a loss function lyp and the corresponding empirical risk R,,, define the Gibbs
posterior as:
(0D,) < e "7 (6), 6 € © (72)

® w > 0: called learning rate.
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Posterior Concentration

® Following Syring and Martin (2023).

Concentration

({0 : d(6,6%) > Men}|D,,) — 0 in P™-probability as n — co (73)

for ne;, — oo and a large constant M > 0.
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Conditions

® Concentration can be done, when following 2 conditions are satisfied.
L4 m(é), 9*) = EUNP(ZQ — le*), U(Q, 9*) = ]EUNP(ZQ — lg= )2 - m(0, 9*)2

Prior concentration condition

log 7 ({6 : m(6,0™) Vv(0,0") <e,}) > —Cnwe;, (74)
Sub-exponential loss condition

d(0,6%) > 6 = logEy~ple " ~1o")] < —Kwé" (75)

for all sequences 0 < w < @ and all sufficiently small 6 > 0.
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Comparison

Table: Comparison on conditions.

Gibbs conditions

\
Prior ‘ logm ({0 : m(0,0%)Vv(d,0") <e;}) > —Cnwe,,
\

Sub-exponential d(6,6") > 6 = log]EUNp[e_“’(l9_L9*)] < —Kwd”

Bayesian nonparam conditions

2
Prior 11, (P :Ep, [log ’%0} < Ei,]EPO {log p?o] < ei) > exp(—ne2C)

Test type-ll SUPpep,,:d(P,Py)>Men Epn (1 — én) < exp(—KnM?e2

IDEA lab (SNU stat) Bayesian Asymptotics March 31, 2026



Proof Strategy

A, ={0:d(6,07) > Me,} (76)

Np(Ay) = —wn{Rn(G)—Rn(G*)}W(dQ) (77)
An

D, — /e—wn{Rn<e>—Rn,(e*>}7r(d9) (78)

7 (An[Dy) = Yeldn) (79)

* Goal: ) (An|D,) = 0
® Strategy: lower bound D,, and upper bound N, (A,).
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Lemma: D,, lower bound

Let G, = {0 : m(0,6%) Vv(0,0") <e}. Ife, — 0 and ne;, — oo, then

P" |D, > %w(Gn)e*Q”“? >1-2(nep) " = 1. (80)

IDEA lab (SNU stat) Bayesian Asymptotics March 31, 2026 101 /112



Main proof (with N, (A;) upper bound)

Denote the lower bound on D,, as:

Then,
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Main proof

By sub-exponential loss condition and independence of U™, we get
EU"NP"Nn(An) - / (EUNP[e_w(lg_le*)])nﬂ(de) < e_Kn""(MEn)T.
An

By prior concentration condition, we get w(Gy,) > e~ C"¢n .
By the Lemma, we get P(D,, < b,) > 2(nel) ™ .
Therefore,

]EUHNP”WT(;,W> (An|Dn) < 267(wKMT,C72w)ns; + 2(1’115:,,)71 0.

IDEA lab (SNU stat) Bayesian Asymptotics March 31, 2026



Proof of Lemma

Denote m(6,60*) and v(6,0") as m(6),v(6) for brevity. Let
_ {nR,.(0) —nR,(0")} — nm(9)

20 T (6)}1/2
Let
Z, ={(0,U") : |Zn(9)] > (ney,)"/?}.
Let
Z,(0) = {U™: (,U™) € Z,} and Z,(U™) = {0: (6,U™) € Z,).
Then,

nRn(0) — nR,(07) = nm(6) + {nv(0)}/*Z.(6).

IDEA lab (SNU stat) Bayesian Asymptotics March 31, 2026 104 /112



Proof of Lemma

Then, we have

Dn > / e—eonm(0)—w{nv(0)}/? 21 (0) 1 (4
GnNZ,(U™)c

> 672wnszﬂ,(Gn ﬂZn(Un)c).

Hence,

1 r
pn |:Dn S iﬂ(Gn)672wnE"j|

<pn {e‘gwmﬁw(an N2, (U™)°) < ~m(Gp)e 2men

N =

<pr {F(Gn NZ,(U™) > %W(Gn)}

< QEUnNPn [W(Gn N Zn(Un))}
= m(Gn)

(Markov ineq.)
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Proof of Lemma

The expectation term in the numerator is simplified:

Egn o pr [1(Gn 1 Zn (U™))] = //11{9 € G N 2 (U™)}(d6)P™(dU™)
- //1{9 € Gn}1{0 € Z,(U™)} P™(dU™)r(d6)

= [ Eunpn[Za(0))n(d0)
Gn

< (ne")"'7(Gn) (Chebyshev).
Hence,
1 r
pm {Dn < §7r(Gn)ef2“‘m6"} < 2(net)~t —o0.
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Appendixl

Bounding the Error Rate with a-Affinity

1. The Likelihood Ratio Test (1 vs 1)

For a single observation x, we want to test Py against ). We define the simplest and most
powerful test function ¢:

é(x) = Hq(x) > po(z)}
(i.e., Reject Py if the alternative Q) has a higher density).
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Appendixl

Bounding the Error Rate with a-Affinity

2. Bounding Type | & Type Il Errors (for 0 < a < 1)

By introducing «, we can artificially inflate the integrands:

® Type | Error: On the region {q > po}, we have (q/po)'™ > 1.

11—«
Ep, (4] =/ podx < / Po (i) dx =/ poq' “dzx
a>po a>po Po a>po

® Type Il Error: On the region {¢ < po}, we have (po/q)* > 1.

EQ[1—¢]:/ qdwé/ q(@) dw:/ poq' “dx
q<po a<po q a<po

IDEA lab (SNU stat) Bayesian Asymptotics March 31, 2026 110 /112



Appendixl

Bounding the Error Rate with a-Affinity

3. The Total Error Bound

Since the two regions perfectly partition the whole space, summing the errors yields the
exact definition of a-Affinity:

Total Error < / pSqt %z = /pgqlfadac = Affinity,, (Po, Q)

{a=po}U{a<po}
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Appendixl

a-Affinity

When we have a single observation X,

Affinity(P, P*) = Ep [(pp*((XX))Y}

Total Affinity
TotalAffinity(P, P*) = Epn K%)T - ﬁEP Kﬁ(?))a}
= Affinity(P,ZZ;*)n a
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