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Preliminaries

Notation
o Xqi,---, X, G and Py, 8 € © C R is a misspecified model.
® ¢ and py are densities of each GG and F.
* K(0):=KL(g,pg) and Og = {0g € ©|0c = argminy g K (0)}.
® Let 6 ~ 7w (0) be the prior distribution and

(0| X1, , Xp) x (0) [ 11, po(X;) be the posterior distribution
under the misspecified model.

® For a loss function L : © x © — [0, 00),

~

On = argmint66E9|X1:n [L(t,0)| X1, -, Xa] (1)

is called a pseudo-Bayes estimator.

Goal: Strong consistency and asymptotic normality of the pseudo-Bayes
estimator.
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Conditions

Assumption

Al. © is a closed convex set in R? with a nonempty interior, the density
po(z) is bounded over © x R¥ and its support is the same for all § € ©.

A2. For all 6 € O, there is a sphere S[0,7(6)] such that
9(Xx) )‘ }

FEsu lo it e S[0,n(0 < 00. 2

o { oz (253 )5t < ste.nte) @)

A3. For all fixed = € R¥, the density py(z) has a continuous derivative
py(x) w.r.t. 6 and there are positive constants ¢, by with

/||p9 “'pp(@)||" D pg(z)da < (1 +116]]) (3)

for all 6 € ©.
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Theorem

Assumption (Continued)

A4. For some positive constant by,

/[pe 2)|V2dz < c||9]] 7, 6ce. (4)

Ab. There are positive constants bo, bg so that for all 6 € © and r > 0 it
holds that

0 < w(S(0,7)) < erb2(1+ (||0]] +7)%). (5)

Under the assumption AI-A5, following holds for all p > 0.
E9|X1m(dg(9)|X1, e X)) %0 where dg(0) = min{||6 —t|| | t € O¢}.
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Theorem

Assumption (Additional)

Ab6. Let L: © x © — [0,00) be a measurable loss function with
L(6,0) =0, c1, ca, c3, ba, bs be positive constants with

(ctllt = 611 A ca < L(t,6) < callt - 0]|" (6)

for all t,0 € ©.

If g is unique, it holds under the assumption AI-A6 that for all
pssudo-Bayes estimators 0,, w.r.t. the loss function L,

0, %5 0. (7)
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Asymptotic Normality

® Under some regularity conditions regarding the [(x,0) := log pgg((;))

and the loss function L, the author shows the asymptotic normality of
the pseudo-Bayes estimators.

If O is unique, the pseudo-Bayes estimator 0, is asymptotically normal.

Vb, —0c) 5 N(0, ) (8)

where, ¥ = Ly 'LiM "M ~YLy'Ly)T, I == E [I'(X,0c)I'(X.06) 7],
M = —FEl"(X,0g), L1 = L&Y (0g,0g) and Ly = L0 (0g,0q).
Note that I'(z,0c) = 21(x,0c) and I"(x,06) = 25l(z,0c).
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Specified Model

Now, think about specified model for comparison.
X1, , X, i Py, for some true 6y € O. (9)

® l.e., we consider this as g(z) = pg,(z) and ©¢ = {bp}.

In this case, note that
Io=E [I'(X,00)l'(X,00)"] = —El"(X,00) = M.

® Posterior consistency:
ﬂ({0”9_00||>6}|X1a 7XTL) ‘1_5>0 (10)

for any € > 0.
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Proof Comparison

Specified model
Let 7y (t) = ]EG\Xl:n [L(t,0)| X1, ,Xp]. From the

definition of 6,,, 'r;l(én) = 0. Then, do Talyor expansion
’I‘;L(t) att = 6,

0 =17, (0n) = 71,(00) + 711 (00)(On, — 00)-

From this, v/r(0n — 00) &~ —[r!/ (60)] ™ */nr!, (60).
First,
ry, (00) =
B xp,, [L3(00,0)1 X1, , Xp] ©3
L(2:0) (80, 00) by the posterior consistency.
Second,
VT, (80) = viEg [L) (00, )| X 1.0 |
~ kg [L?) (60, 69)
+ L3N (89, 00)(0 — 00)]X1:0]

=LY (09, 00)Eg [V(6 — 00)|X1:n] -
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Misspecified model
Let 70 (t) = Eg|x,,, [L(t,0)|X1, -+, Xp]. From the

definition of 6,,, 'r;(é") = 0. Then, do Talyor expansion
r%(t) att = 0¢,

0 =1} (Bn)=rh (0G) + 71 (0G)(Bn — 6G).

From this, (0, — 0g) ~ —[r (6c)] " vnrr!, (6c).
First,

r(0G) =

Fay s [0, 01, x2] %5
1.(2,0) (6g, 6g) by the above theorem.
Second,

VT, (0G) = vaEy [LY (0, 0)[ X1in |
~vnEg (L0 (0, 06)
+ L0 (06,06)(0 - 06)[X1:n]

=10 (06, 06)Es [VA(0 — 06)|X1:n] -
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Proof Comparison

Now then, let t = /1 (6 — 6p) and obtain the distribution
of t| X 1.,
From change of variable, we can know that

t\ Zn (90+ﬁ)
m(t| X1:pn) o< 7 <90 + ﬁ) W

So that,
log (¢ X1:n)

t
~log Zy | 0o + — | — log Zy(00) + Constant.
Vn
Applying second order Taylor expansion to Zy, (6),
t
log Zn | 60 + ﬁ —log Z» (00)

~i iz’(x. 00) — Ei [i —1"(X;,06 )] .
N\/ﬁ - i, Y0 2\/5 i» Y0 \/ﬁ

i=1
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Now then, let t = \/n(6 — O ) and obtain the
distribution of t| X 1.y,
From change of variable, we can know that

¢\ Zn(0e + 75)
T(t| X1.p) x| 6 _— —=
(t1%1.0) <c+ﬁ> S oo

So that,
log 7 (t[X1:n)

t
~logZp |0 + — | — log Z,,(0g) + Constant.
vn
Applying second order Taylor expansion to Zy, (6),

log Zn, (00 + > —log Zn(0q)

t
NG

Niil’(xv 0 ),li [i —1"(X;,6 )}i
N\/H - i vG 2 vn i vYG N

i=1
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Proof Comparison

Then,
T 1+
logm(t|X1:n) ="t Sn — Et M, t + Constant,

where S, = ﬁ Z? 1/(X;,00) and
My = L[S0, —1"(X4,60)].

n .
From this formula, we can obtain

7(t|X1:n) & N(M ' Sn, M), So that,

— d —
Eg [V(0 — 00)|X1:n] & M, Sn 5 MTIN(0, Io).

n

So that, By [v/7(0 — 00)| X1.0] > N(0, M~ 1).
By combine above results,

\/ﬁ(én —6o)

4 (2960, 00)] " LD (80, 00)N (0, M.
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Then,
T 1 T
logw(t|X1:n) =t Sn — Et M, t + Constant,

where S, = ﬁ SrU(X,,0¢) and

My = & [SF ) —1"(X4,06)).
From this formula, we can obtain
m(t) X1:0) & N(M 1 Sp, M7 1). So that,

- a
Ep [VA(0 — 0G)|X1:n] = M, Sn 3 MTIN(0, Ig).

By combine above results,

Vb, —0g)

4 [220¢,00)] 7 LD (06, 66)M N (O, ).
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