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I:H INTERACTION AS A SYMBOLIC CONCEPTS
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Figure 1: lllustration of interactions encoded by a DNN. Each interaction S corresponds to an AND relationship among
a specific set S of input variables (image patches). The patches x, and x, are masked, so that interactions S, and S,
are deactivated




I:H INTERACTION AS A SYMBOLIC CONCEPTS

I AXIOmatIC prOpertIeS to define interactions as representations of faithful inference patterns (or concepts) encoded by a DNN
Ren et al. (ICML 2023)

(1)Sparsity property.

A DNN is supposed to encode few salient interactions on a specific sample.

(2)Universal matching property.
The network output on any arbitrarily masked sample is supposed to be well matched by the effects of
specific interactions.
Theorem 1 (Proven in Ren et al. (2023a) and Appendix B.1). Let the input sample x be arbitrarily

masked to obtain a masked sample xs. The output of the DNN on masked sample xs can be
disentangled into the sum of all interaction effects within S: VS C N, v(zs) = > pc g I(T) + v(xp).

v(x) = Esczvl (S) + v(x(z,)

(3)Sample-wise transferability property.
Salient interactions are supposed to be shared across different samples in the same category




I:EI PROVING THE SPARSITY OF INTERACTIONS

| Assumption 1
The DNN has at most M-th order non-zero derivatives, where M < n, and nis the number of input variables to the DNN

VSCN, |SIZM+1,I(S)=0

Justification
(a) empirical evidence
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(b) heuristic reasoning

(c) literature precedent
: 7|12 game-theoretic interaction &= 1AFet truncate &,




I:E’ PROVING THE SPARSITY OF INTERACTIONS
| Assumption 2

The DNN can be used on occluded samples (e.g., animage with some patches being masked), and yields a higher
classification confidence when the sample is less occluded.

: “(m') < w(m) < Ejgom[u(s)]
| Assumption 3 vm's m=ul™) < ulm u(S) = v(xs) — v(xo)
The classification confidence of the DNN does not significantly degrade on occluded samples
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(b) heuristic reasoning




I:EI PROVING THE SPARSITY OF INTERACTIONS

Theorem 2 (Proven in Appendix B.3). There exists mg € {n,n—1,--- . n— M}, such that for all
1 < k < M, the sum of the effects of all k-order interactions can be written as

AW = AEnPH a4 a4 af) A, 3)
where |N®)| <1, [a”| < n, ¥ € {0,1,--- ,n—=1}fori=1,---,|p| — 1, and
1 Alp|-1 ag .
0 <log, (X (1—W ———— E))’ if A >0, (4)
1 A|p|—1 ao :
5§10g”(—)\ (np—LpJ+1+”'+ﬁ))’ A <O, ©)

Here, \ = - %)\(’“) # 0, a; < S (("“3) a,gk) fori=0,1,--- | |p|] — 1, and |p| denotes the
k

greatest integer that is less than or equal to p.

>3

The above theorem indicates that the sum of effects of all k-order interactions is O(np+8§ ).




I:EI PROVING THE SPARSITY OF INTERACTIONS

Theorem 3 (Proven in Appendix B.4). R¥) has the following upper bound:

_(1
2 =(1) |
— Tin®]|

ARppts 4 qB) plel=1 g g o), (6)

(k) def 2)s1=k I(5)
2=k H(S)]

R® E{SC N ||S| =k, [I(S)| > 7}

The above theorem indicates that if positive interactions do not fully cancel with negative interactions (i.e., In(k)| is not
extremely small), then the number of valid interactions R(k) of the k-th order has an upper bound of O(np+8& /It n(k)I),
which is much less than the total number of nk potential interactions of the k-th order in most cases

Table 2: Comparison between the number of valid interactions and the derived upper bound.

OPT-1.3B LLaMA-7B Aquila-7B MLP (tabular dataset)

Real # of valid interactions 28.734+52.37 50.53+40.37 30.13+26.20 54.42436.81
Upper bound 197.84+188.87  293.20+287.28  184.23+124.71 229.114139.52
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