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Backpropagation
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Forward propagation

® Backpropagation (BP) is often considered biologically implausible.

® The brain is not believed to propagate explicit error derivatives.
® |t is unclear how neural circuits could store gradient.
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The Forward Forward Algorithm

FF is a greedy multi-layer learning algorithm

Backpropagation Forward-Forward
Forward < Backward Forward Forward < Local update

By O

® |nstead of forward-backward passes, use two forward passes on
negative and positive data to drive the update.
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The Forward-Forward Algorithm

Contrastive learning & local update rule

® Contrastive learning

® Define a layer-wise measure, Goodness, that is high for positive data
and low for negative data.

® |et x be the data and y be the label.
® Positive data: the correct pair (z,y).
® Negative data: a mismatched pair (z,¢) with § # .

¢ Local update rule (per layer)
® Layer-¢ activity:

h® =[x;y], a =ReLUWOnD 4 b®).

® Goodness (sum of squared activities):

G=%a"" (1)
P(positive) = o(G — 0) (2)

where o is sigmoid and 6 is fixed threshold.
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The Forward-Forward Algorithm

Inference

e Softmax head: Freeze FF layers, attach a classifier on top, and train
it to predict y from the final-layer representation.

® Goodness scoring: For each candidate label § € {1,...,C}, form
(x,7), run a forward pass, compute

L
S@) =Y GO (x,p),
/=1

and predict § = argmaxy S(9).
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The Forward Forward Algorithm

Supervised example in image classification
® Model: network with 4 hidden layers each containing 2000 RelLUs
® Input: replace the first N pixels with the label's one-hot vector.

® Result:
FF: 1.36% test error on MNIST after 60 epochs
BP: similar performance after 20 epochs

IDEA lab (SNU stat) FF Algorithm March 4, 2026 8/20



FF
0000080

The Forward Forward Algorithm

Unsupervised example in image classification

® Representation learning by using real data vectors as the positive
examples and corrupted data vectors as the negative examples.

® Corrupted data has very different long range correlations but very
similar short range correlations

® Result: 1.37% test error for 100 epochs
mask hybrid 1-mask

1 Jei o Hall 6

Figure: Corrupted data example
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The Forward Forward Algorithm

Conclusion
® Strengths

® Memory efficiency
® Can learn with black-box modules inserted between layers
® Biologically plausible

® \Weaknesses

® Dead/ Alive units persist
® Defining negative data

® Question
® Goodness= TCHA| £AS LSt U=7F ACCRE 22 Zdt O{E A
HEZO| &[=7t

IDEA lab (SNU stat) FF Algorithm March 4, 2026 10 /20



Boltzmann machine
©0000

Outline

© Boltzmann machine

IDEA lab (SNU stat) FF Algorithm

2026 11/20



Boltzmann machine
0@000

Boltzmann Machine (BM)

e A BM is a network of binary
neurons with symmetric pairwise
connections.

® Neurons are categorized into
visible(v1,.,v4) and hidden
units(h1,h2,h3).

Figure: BM Architecture
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Objective

. j.i.d. o
e Observations: vy, ...,v, "< g(v) (unknown data distribution).

® Goal: fit an energy-based model py(v) that approximates g(v), i.e.,

0" = arg max By [logpo(V)] = argmin KL(g]| py).

® Define a joint distribution via an energy function:

po(v,h) = exp{—Fg(v,h)},  po(v) =D pe(v,h),
h

1
Z(0)

where Z(0) = >, , exp{—Ejp(v, h)}.
® Energy function:

1 1
Eg¢(v,h) = —0] v — 0y h — 5 v Osv — 3 h'0sh — v 65,

where diag(fs) = diag(64) = 0.
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How to estimate 6*: Positive vs. Negative Phase

® For an energy-based model

po(v, h) = de)exp{—a)(v,h)}, po) = S po(v, h),
h

the log-likelihood is
log py(v) = log Y _ exp{—Ey(v, h)} — log Z(6).
h

® The gradient decomposes into two expectations:

Vo log pg(v) = _Epg(h\v) [VoEg(v, h)] + Epe(vvh) [VoEg(v, h)].

® Positive phase (pg(h | v)): hidden units is explained by real data.
® Negative phase (py(v, h)): hidden units is explained by model
generated data.
® \We approximate these expectations using Gibbs sampling.
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Relation to Forward Forward Algorithm

¢ Shared idea (contrastive learning): increase score (decrease
energy) on positive data and decrease score (increase energy) on
negative data.

® FF: defines a layer-wise “goodness” (G and trains with two forward
passes: maximize G on positive data and minimize G on negative
data (equivalently, £ = —G).

e Key difference: FF avoids MCMC by constructing negatives
externally and doing local, layer-wise updates.
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Derivation: gradient as two expectations

1 Z e—Eg(’U h)
po(v,h) = — e P, po(v, h) = =4————
Z(9) Z Z(9)
Hence
log pg(v) = logz e Bowh) _og Z(6).
¢ Differentiate the data term (log-sum-exp):

(o) _ 2on € M (= Vo Ey(v, 1))

Vo logZe h) = =h NI = —Ep, (njv)[VoLo(v, h)].
h

e Differentiate the normalizer:
Sype H N (=Yg Ey(v, b))

Vg log Z(e) = Z e—Eo(v,h) = _Eps(v,h) [VGEG (’Uv h)]
v,h
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Restricted Boltzmann Machine (RBM)
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Figure: RBM Architecture
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Gibbs sampling

® Settings. Let
v D
s=|p e {0,1}", S—ii=(81y.-+,8—1,8i+1,---,SD)-

p(s) = %exp{fE(s)}, E(s)=—b"s — %STWS

where W = W', diag(W) = 0.
e Conditional Probability For i =1,..., D,

p(si=1]s_;) = O'(bz‘ + Z Wijsj>
i
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Gibbs Sampling

Gibbs updates (binary units)
® General BM (single-site):

po(si=1]s_i)=0|bi+ Y wis;|, s=(v,h).
J#

¢ RBM (block Gibbs; factorizes):

po(hj =1|v) = <7<Cj +ZVVijvi> ;

So, p(h = 1|v) = [T p(h; = 1j0)
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