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° Xi,..., X, S f(x]0*) for some 6* in ©.

e Let  be the maximum likelihood estimator of 6.

® We are going to prove that \/ﬁ(é — %) converges in distribution to
the normal distribution with mean 0 and covariance matrix I (6*),
where 1(0) = —E(9%f(X|0)/0009).
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Prove

Let £,(60) = > log f(X;|0) and let s,,(0) = 0¢,,(0)/06.
Note that s,,(f) = 0 by the definition of the MLE.
In addition, we have E(0log f(X16)/00) ’9 g« = 0, which implies that
E(sn(0*)) = 0.
Thus, the central limit theorem implies that
sn(0%)
Vn

where s(6) = 0log f(X10)/00.

L N(0,E(s(6%)sT (6%))),
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Prove

® Now, Taylor expansion yields
0= 5,(0) & 5,(0%) + [0s,(0)/00)] (0 — 6%).

® Thus we have .
0 — 0* ~ [95,(0)/00)] L5, (6"),

and so
V(0—0%) 5 N (0, [95,(0)/00) /n] T 'E(s(6%)s T (6%)))[0sn(0)/06) /n]

® Finally, by changing the integration and derivative operators, we can
show that

[050(0)/00) /n] " 'E(s(6")s" (6%)))[0sn(6)/06) /0] ™" — T(6") .
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We call that a given model {f(z]0),6 € O} is nonparametric if the
dimension of © is infinity.

A popular way of estimating 6 is a sieve MLE.

We call ©,,,n =1, ... a sieve if ©, is increasing, the dimension of ©,
is finite and ©,, = © well.

Let § be the sieve MLE (i.e. the maximizer of the log-likelihood on
On).

We want to know how fast 8 converges to 0* in terms of n.

A problem is that it is hardly possible to say something about the
convergence of § to 6* since the dimension of 6* is infinite.
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® Instead, we try to say something about the convergence rate of £(6),
where
E0) =FEl(X,0) —EL(X,0%)
for a given loss /(X 0).
* Here, 6 is the minimizer of 37 ¢(X;,0) on 6 € ©,,. and
0* = argminggEl(X, 0).
® When /(X,0) is the negative log-likelihood, 6 becomes a sieve MLE.
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Let E 0(X,0) =", 6(X;,0)/n.
By the law of large numbers, we have

E,((X,0) ~ E((X,0).

® Under regularity conditions, we can show that this convergence holds
uniformly in 6.

If E4(X,0) is convex and has the minimizer at 6%, we expect that 0 is

close to 6* and thus £(f) converges to 0.

Read references for details.
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Bernstein-von Mises theorem

® Note that the posterior distribution is given as
m(6|Data) oc [ [ £(X:l6)(6).
i=1
e Let d be the MLE and rewrite the posterior as
(6| Data) o exp (zn(e) . en(é)) 7(0),

where £,(0) = > | log f(X;]6).
® Taylor expansion yields

() — £n(0) ~ 5n(0)T (0 — 0) + (0 — ) T[05,(0)/00],_s(6 — B).

® Since s,(0) = 0, we have
(6| Data) o exp ((9 — )T [0 (6)/00],_5(0 é)) x(0).
® Thus, we can say that

V(6 — 6)[Data % A(0,171(6%))
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Preliminaries

d(P, Q) : Hellinger distance for distribution P and @
I:‘||O|E‘| X1, X~ Py
P nAsts 2ES2| e (Model space)
p : density for P € P
I, (-) : P 2IO0|Al ZDE|El prior distribution

Posterior distribution2 C22f 20| Z2o|=

fB i1 (X dH( )
sz:lp N(P)

I, (B|X1,..., Xp) =
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Main Theorem

Theorem (Theorem 2.1 from Ghosal (2000))

Suppose that for a sequence e, with €, — 0 and ne? — oo, a constant
C > 0 and sets P, C P, we have

log N(en, Pn,d) < ne%

(1)

o (0] pO(X) 62 (0] pO(X) i 62 €ex —n62
H"<P'EPO[1 & p(X)] = "’EP°[1 & p(X)] = ") - e ”((/;))
II,(P\Pyp) < exp(—nea(C +4)) (3)

Then for sufficiently large M, we have that
I, (P : d(P, Py) > Mey| X, ..., Xp) — 0 in PJ-probability
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Proof of Main Theorem

t2Af

ol

Ct20} 22 2712|9] StepE EQ 2 Z M Main Theorem= =&
otCf.

0 Epon [Hn(P\Pn|X1,,Xn)] — 0
(2] EP(;‘ [Hn(P € P’I’L : d(Pu PO) > METL’Xl)"')Xn)] —0
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Proof of Main Theorem - Step 1

B, = {P :Ep, [log 12]((;;))] <&, Ep, [log ]jf(%)r < ei} (4)

n

. . p(X;) oxD(—2ne
An{Xl,...,Xn./I:IPO(Xi)dHn(P)Z p(—2 n)Hn(Bn)} (5)

O|2t2 &, Lemma 8.1(Ghosal 2000) 0f 2|3t0] Pl(A,) — 1 0] HEs§t.

A - ZIRH(Py) 2t HIRSH RES0| 225 YCHH (IT,(By) 1), Likelihood
ratioe o';é' SHotECH O 210FZ|R| %=L

Lo —
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Proof of Main Theorem - Step 1

afaA,

Epp [T, (P\Py[ X1, ..., X,)] (6)

< By [T, (P\Pal X1, . Xo)I(An)] + P (AS) ™)

[ Jpvp, Ty p(Xi)dIL, (P) o

=Epp TTI, p(X,)dIi,(P) I(An) | + Pg' (A7) (8)

AN HM< ()0 X)L, (P) o

Rl I By (P05 (X)L (P) COIRYEO I

1 n C

<Epy /P o Hoeromx D ()| exp(2ned) s + R (45)

(10)
1 7 C
= IL,(P\Pn) exp(ZnEi)m + P (A5) =0 (11)
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Step 19| 22

=, Seive P,, H0i|= posterior massZt HOIQUA| QICt IEtM, R2|=
C

2]
SeiveOf| A Q| posterior mass2HS ZA}5HH =ICH
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Proof of Main Theorem - Step 2

Lemma (Theorem 7.1 in Ghosal (2000))
Assume that condition (1) holds, i.e.,

log N (€, Pp,d) < ne2.

Then, there exist tests ¢, such that

Epyén < 2exp(—Kne?) 32
sup Epn(1 - ¢n) < exp(—KnM’e), (13)
PEPy:d(P,Po)>Mey,

where K > 0 is a constant.

SfiA] : SeiveOf| A= 2ES0| 45| HCIEL], A1E2F & AH2Z2F7t
2 controlZ|& test functionO| —-—7\H%,_ C}.
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Proof of Main Theorem - Step 2

A2| LemmaOf| 2|5t04, test functiong ¥= 4= Y12, 0|
CHEah 2Lt

AA

Ep, [Hn(P € Pp:d(P,Py) > Mey|Xy,.... X )]

(14)
— Ep, [Hn(P € Py d(P,Py) > Men| Xy, ..., X )¢n] (15)
+Ep, [Hn(P € Py d(P, Py) > Men| X1, ... X,)(1 — %)} (16)
A (
gic

—

15) & Test function2| H1Z 27} ALH2 2 27| IR0 ZA|sHE
F.
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Proof of Main Theorem - Step 2

Test functiong AF25H= Ol

Al (15) o ZS : Test functionO| PyOfl L2 QFUCEL THEHSH= 2,
Type 1 error =2 A0

Al (16) O] B : Test functionO| PyOflA LIRtC}
error Q%E 7\1|O-|

u
rﬁ
9
o
1o
>
ge)
(0]
N
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Proof of Main Theorem - Step 2

Al (16) 2| upper bound= CHS 2} ZLC

Epp |:Hn(P € P :d(P,Py) > Mep| X1, ..., X)) (1 — ¢n)] (17)
n X;

< Epr {fpepn (P, Po)>Mey, LLim1 %dﬂn(]))

- 0

ST, 23, (P)

- qbn)H(An)} PR A
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Proof of Main Theorem - Step 2

Al (18) Ol M ZdEHAY term| upper bound= CtZ2t ZLt

n X;
fPE’Pn d(P,Po)>Me, 1T, ﬁ)((xl))dﬂn(P)

(- qsn)H(An)] (19)

Pn
’ sz 1 p};(X TL( )
©p(X5) exp(2ne?)
= 1-¢ ]dH p) EPLENEG)
/PEPn:d(P,PO)>Men [gpo n)I(An) | 1T (P) I1,,(B,)
(20)
exp(2ne?)
< Epn|l — ¢p|dIl, (P)—————~ 21
/PEPn:d(P,PO)>Men P [ ] ( ) Hn(Bn) ( )
< sup Epa[l — ¢ ]M—m (22)
T PePu:d(P,Py)>Men r " I, (Bn)
L]
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Gibbs posterior

Notations

® Data: U ~ P (in most cases, U = (X,Y)), U € U.

® Loss function lg(u) : U — R

® eg lp(u) = (y — 0(x))? for u = (x,y) and a function of interest 6.
Population risk: R(0) = Ey..plg(U)
e Empirical risk: R,,(0) = L S0 1y(U;)

n Lai

Population risk minimizer:

0* € argminR(0) (23)
0cO

® Prior: 7(+)
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Gibbs posterior

® Gibbs posterior = Generalized posterior; update the belief via
empirical risk, not likelihood (Bissiri (2016)).

Definition (Gibbs posterior)

Given a loss function Iy and the corresponding empirical risk R,,, define
the Gibbs posterior as:

7@(0|Dy) x e O (9), 6 € © (24)

® w > 0: called learning rate.
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Posterior Concentration

® Following Syring and Martin (2023).

Concentration

7@ ({6 : d(6,0%) > Me,}|Dy) — 0 in P -probability as n — oo (25)

for nej, — oo and a large constant M > 0.

IDEA lab (SNU stat) Asymptotics 2025. 06. 02. 27 /37



® Concentration can be done, when following 2 conditions are satisfied.
L4 m(@, 9*) = EUNP(ZQ — lg*), 1)(9, 9*) = EUNP(ZQ — l,g*)2 — m(9, 9*)2.

Prior concentration condition

logm ({6 : m(6,0%) Vv(0,0%) <e}) > —Cnwel, (26)

Sub-exponential loss condition

d(0,6%) > 6 = logEyple @0 ~1")] < —Kws" (27)

for all sequences 0 < w < @ and all sufficiently small 6 > 0.
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Comparison

Table: Comparison on conditions.

‘ Gibbs conditions

Prior logm ({60 :m(6,0") Vv(8,0") <e,}) > —Cnwey,
Sub-exponential d(0,0) > § = log Ey~ple~ 0 —lo*)] < —Kws"
Bayesian nonparam conditions
2
Prior 11, <P :Ep, [log %"] < e Ep, [log %0] < ei) > exp(—ne2C)
Test type-I SUP pep,,.d(P,Po)>Men BP (1 — ¢n) < exp(—KnM?e})
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Proof Strategy

A =1{0:d(0,0") > Me,} (28)
Nu(Ay) = / ) (29)
An
D, = / e~ @B O)=Enl0)} 1 (4p) (30)
Nn(An)

7r1(1w) (An|Dyp) =

Dy

o Goal: 7)(A,|D,) — 0
e Strategy: lower bound D,, and upper bound N, (A,).
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Lemma: D,, lower bound

Let G, = {0 : m(0,0%) VvV v(0,0*) <el}. Ife,, — 0 and ne), — oo, then

1 .
P" |D, > 577((;,1)6—2"% >1—2(net)™t — 1. (32)
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Main proof (with N,,(A,) upper bound)

Denote the lower bound on D, as:
_ 1 —2wney,
by, = 27r(Gn)e .

Then,
N (4n)

n

< b, 'NL(Ay) + 1(Dy, < by).

ﬂ'v(zw)(Anlpn) < 1(Dy, > by) + 1(Dy, < by,)
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By sub-exponential loss condition and independence of U™, we get
Egnepn Na(An) = / (Eyple 20010 )]y r(df) < e~ Kne(Mew)
An

By prior concentration condition, we get 7w(Gy,) > e~¢men.
By the Lemma, we get P(D,, < b,) > 2(ne’)~L.
Therefore,

EU"NP"WSU)(AMDTL) < 26_(WKMT'_C_2W)”€Z + 2(”8;)_1 0.
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Proof of Lemma

Denote m(60,0*) and v(6,0*) as m(6),v(6) for brevity. Let

_ {nR,(0) — nR,(0*)} — nm(@)‘

7010 (@)1

Let
Z, = {(0.U") : |Za(0)] = (ne]) /2.
Let
Z,(0)={U0":(0,U") € Z,} and Z,(U") = {60 : (6,U") € Z,}.

Then,
nRy(0) — nR,(6°) = nm(0) + {nv(0)}/*Z,(0).
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Proof of Lemma

Then, we have
D, > / e—emm(0) = (ne @} 20 (0) 1 19)
G’"’nzn(U"')c
> e—2wna;ﬂ_(Gn n Zn(Un)c)

Hence,

<p" [w(Gn N Z,(U™)) > ;ﬂ(Gn)}

< 2Byn~pn [m(Gn N Z,(UM))]

< (G (Markov ineq.)
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Proof of Lemma

The expectation term in the numerator is simplified:
Egynp [1(Gon O Z0 (U™ / / 1{0 € Gy, 0 2, (U™)}(d0) P" (dU™)
_ / / 1{0 € G }1{0 € 2, (U™)} P™(dU™)r(d6)
- /G Eunpn [ 2,(0)](d6)

< (ne")"'mw(G,) (Chebyshev).

Hence,

P {Dn < F(Gn)e_g‘*’"sz} < 2(ne’)"t = 0.

N |
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