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Overview

• Using multi-marginal 2-Wasserstein barycenters, offers a closed-form
solution of the learning problem (DP).

• Rewrite the optimal fair solution into a sequential form.
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Notation

• Features: X ∈ X ⊂ Rd, Target: Y ∈ Y ⊂ R.
• Sensitive: A = (A1, . . . , Ar) ∈ A1 × · · ·Ar where Ai = {1, . . . ,Ki}

with Ki ∈ N.
• Ai:i+k = (Ai, . . . , Ai+k).
• Predictor: f : X ×A → Y. F : set of predictors f .
• νf : p.m. of f(X,A), νf |a: p.m. of f(X,A)|A = a.
• Ff |a(u) := P(f(X,A) ≤ u|A = a).
• Qf |a(v) := inf{u ∈ R : Ff |a(u) ≥ v}.
• R(f) = E(Y − f(X,A))2.
• f∗(X,A) = E[Y |X,A]

—–
p.m.=probability measure
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Single Sensitive Case (previous result from [2])

• Sensitive A ∈ {1, . . . ,K}, pa = P(A = a).
• Fairness measure (Strong DP)

U(f) = max
a∈A

∫
u∈[0,1]

∣∣Qf (u)−Qf |a(u)
∣∣ du

• Optimal fair predictor

fB = arg min
f∈F

{R(f) : U(f) = 0}
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Single Sensitive Case (previous result from [2])

• Minimizing R(f) = minimizing E(f∗(X, A)− f(X, A))2.

min
f :U(f)=0

E(f∗(X, A)− f(X, A))2 = min
ν

∑
a∈[K]

paW2
2 (νf∗|a, ν)

• A map to the minimizer µA : V → V:

µA(νf∗) := min
ν

∑
a∈[K]

paW2
2 (νf∗|a, ν) (Wasserstein Barycenter)

• Closed-form solution of f :

fB(x, a) =

(∑
a′∈A

pa′Qf∗|a′

)
◦ Ff∗|a(f

∗(x, a))
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Extension to Multiple Sensitive Case

• Fairness measure (Strong DP)

Ui(f) = max
ai∈Ai

∫
u∈[0,1]

∣∣Qf (u)−Qf |ai(u)
∣∣ du

Ui,...,i+k(f) = Ui:i+k(f) = Ui(f) + . . .+ Ui+k(f)

• Optimal fair predictor (marginal)

fBi = arg min
f∈F

{R(f) : Ui(f) = 0}

fBi(x,a) =

∑
a′i∈Ai

pa′iQf∗|a′i

 ◦ Ff∗|ai(f
∗(x,a))
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Extension to Multiple Sensitive Case

Sequentially fair mechanism
• Optimal fair predictor

fB = arg min
f∈F

{R(f) : U1:r(f) = 0}

• Under some assumptions, the optimal fair predictor is (Proposition
4,5):

fB(x,a) = (fB1 ◦ · · · ◦ fBr)(x,a)

= (fBσ(1)
◦ · · · ◦ fBσ(r)

)(x,a)
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Fairness Level Control

Single sensitive case [2]

f ε1
B1
∈ arg min

f∈F
{R(f) : U1(f) ≤ ε1 · U1(f∗)}

f ε1
B1

(X,A) := (1− ε1) · fB1(X,A) + ε1 · f∗(X,A)

Multiple extension (This paper)

fε
B = arg min

f∈F

R(f) : U(f) ≤ ∑
i=1,...,r

εi · Ui(f∗)


f ε
B(X,A) =

(
f
εσ(1)

Bσ(1)
◦ · · · ◦ f εσ(r)

Bσ(r)

)
(X,A)

Jihu Lee (SNU) Sequentially Fair Mechanism April 15, 2025 8 / 12



Calculation

• f∗ ← f̂ : plug-in with any unfair ML model.

f̂Bi(x,a) =

∑
a′i∈Ai

p̂a′i

 ◦ Q̂f̂ |ai

(
f̂(x,a)

)
f̂B = f̂B1 ◦ · · · ◦ f̂Br
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Experiments
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