
Notation

• [K] := {1, 2, . . . , k} for given K ∈ N

• |S|: the cardinality for a finite set S
• 1{·}: indicator function

• (X1, S1, Y1), . . . , (Xn, Sn, Yn): observed triplet where (Xi, Si, Yi) is
denoted by a rantom variable Zi ∈ Rp × [K]× R

• I1, I2: training set and calibration set respectively
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Notation

• qα : Rp × [K]→ R: quantile predictor

• νqα|s: distribution of qα(X,S)|S = s

• Fqα|s : R× [K]→ [0, 1]: CDF of νqα|s

Fqα|s = P (qα(X,S) ≤ t|S = s)

• Qqα|s = F−1
qα|s : [0, 1]→ R: quantile function

Qqα|s = inf{y ∈ R : Fqα|s(y) ≥ t} with Qqα|s(0) = Qqα|s(0+)
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Conformal prediction

• Goal of conformal prediction is to construct a marginal distribution-free
prediction band C(Xn+1) ⊆ R which satisfies

P (Yn+1 ∈ C(Xn+1, Sn+1)) ≥ 1− α

with miscoverage rate α
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CQR - Conformalized Quantile Regression

• Conformalized Quantile Regression(CQR) aims to construct a prediction
band which is adaptive to heteroskedascity

• Given any quantile regression algorithm Q, fit two conditional quantile
functions q̂αlo and q̂αhi on trainig set I1. (ex: for α = 0.05,
{αlo, αhi} = {α0.025, α0.975})

{q̂αlo , q̂αhi} ← Q
({(

X̃i, Yi

)
: i ∈ I1

})
• The conformity scores E = {Ek : k ∈ I2} are computed as

Ek = max{q̂αlo(X̃k)− Yk, Yk − q̂αhi(X̃k)} for k ∈ I2

• Let Q1−α(E) be (1− α)(1 + 1/|I2|)-th empirical quantile of E

• By CQR, the prediction interval for Yn+1 is constructed as follow;

C
(
X̃n+1

)
=

[
q̂αlo

(
X̃n+1

)
−Q1−α(E), q̂αhi

(
X̃n+1

)
+Q1−α(E)

]
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Demographic Parity

• For an arbitrary prediction g : Rd × [K]→ R satisfies demographic parity
under a distribution P over (X,S, Y ), if g(X,S) is statistically
independent of the sensitive attribute S.

• That is, for every s, s′ ∈ [K],

sup
t∈R
|P (g(X,S) ≤ t|S = s)− P (g(X,S) ≤ t|S = s′)| = 0
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CFQP - Conformal Fair Quantile Prediction

• Target is to construct DP fairness constrained prediction intervals by using
fair quantile regression algorithm
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CFQP - Conformal Fair Quantile Prediction

• Fit an arbitrary quantile regression algorithm Q on I1

{q̂αlo , q̂αhi} ← Q
({(

X̃i, Yi

)
: i ∈ I1

})
• Transform q̂α into ĝα by using proposition 1 to compute fair conformity

scores Ef = {Ef
k : k ∈ I2}

Ef
k = max{ĝαlo(X̃k)− Yk, Yk − ĝαhi(X̃k)}

• Then the fair prediction interval for Yn+1 is constructed as

C(X̃n+1) =
[
ĝαlo(X̃n+1)−Q1−α(E

f ), ĝαhi(X̃n+1) +Q1−α(E
f )
]
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CFQP - Conformal Fair Quantile Prediction

• For fair conformity scores Ef = {Ef
i : i ∈ I2}

Ef
i = max{ĝαlo,i − Yi, Yi − ĝαhi,i}

with q̂s2,α,i is calculated from fitted quantile regression Q

ĝα,i =

 ∑
s′∈[k]

p̂s′Q̂2,qα|s′

 ◦ F̂qα|s ◦ q̃s2,α,i

q̃s2,α,i = q̂s2,α,i + Us
i ([−σ, σ]) ∀i ∈ Is2 , s ∈ [K]

F̂qα|s(t) =
1

|Is2 |
∑

i∈|Is
2 |

1
{
q̃s2,α,i ≤ t

}
Q̂2,qα|s(t) =

∫ 1

0

F̂−1
qα|s(v)Kh(t− v)dv t ∈ (0, 1)

with some smoothing kernel function Kh
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CFQP - Conformal Fair Quantile Prediction

• For a new data point X̃n+1 = (x, s) and α ∈ {αlo, αhi}, the Fair
prediction interval for Yn+1 is constructed as

C(X̃n+1) =
[
ĝαlo(x, s)−Q1−α(E

f ), ĝαhi(x, s) +Q1−α(E
f )
]

where

ĝα(x, s) =

 ∑
s′∈[K]

p̂s′Q̂2,qα|s′

 ◦ F̂1,qα|s ◦ q̃α(x, s) ∀α ∈ {αlo, αhi}

q̃s1,α,i = q̂s1,α,i+Us
i ([−σ, σ]) ∀i ∈ Is1 and q̃α(x, s) = q̂α(x, s)+U([−σ, σ])

F̂1,qα|s(t) =
1

|Is1 |+ 1

 ∑
i∈|Is

1 |

1(q̃s1,α,i < t) + U([0, 1])

1 +
∑

i∈|Is
1 |

1(q̃s1,α,i < t)


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CFQP - Conformal Fair Quantile Prediction
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CFQP - Conformal Fair Quantile Prediction
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Experiments
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Experiments
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EM for Fair GMM

Algorithm 1 EM Algorithm for Fair GMM

while Qfair(Θ;Θ[t+1], λ, ω)−Qfair(Θ;Θ[t], λ, ω) > δ do
E-step: Compute Qfair(Θ;Θ[t], λ, ω)
M-step:
repeat

while Not converged and r < R do

µ(r+1) ← µ(r) + ϵ
∂Qfair(Θ;Θ[t],λ,ω)

∂µ

η(r+1) ← η(r) + ϵ
∂Qfair(Θ;Θ[t],λ,ω)

∂η

r ← r + 1
until converges

end while
t← t+ 1

end while
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CFQP - Conformal Fair Quantile Prediction

• Synthetic Data
- 400 datapoints
- sensitive ratio: 1:1
- sensitive centers = [(1, 1), (2.1, 1)], [(1, 7), (2.1, 7)]

Synthetic_Data.PNG Synthetic_Assignment.PNG
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