[K]:={1,2,...,k} for given K € N
® |S|: the cardinality for a finite set S

1{-}: indicator function

(X1,51,Y1),...,(Xn, Sn, Yn): observed triplet where (X, S;,Y;) is
denoted by a rantom variable Z; € R” x [K] x R

T1,Z5: training set and calibration set respectively



® ¢, : R? X [K] — R: quantile predictor
® v, |s: distribution of ¢. (X, S)|S = s
® [y1s: Rx[K]—[0,1]: CDF of v, s

als
Fu.1s = P(qa(X,5) <t]S = s)

® Quals = F~! :[0,1] — R: quantile function

qols

Qqols = inf{y € R: Fy 1s(y) > t} with Qg 15(0) = Qg 1s(0+)



Conformal prediction

® Goal of conformal prediction is to construct a marginal distribution-free
prediction band C'(X,+1) C R which satisfies

P(Yn+l S C(X7L+17 Sn+1)) Z l-«

with miscoverage rate «



CQR - Conformalized Quantile Regression

Conformalized Quantile Regression(CQR) aims to construct a prediction
band which is adaptive to heteroskedascity

® Given any quantile regression algorithm Q, fit two conditional quantile
functions ¢a,, and a,, on trainig set Z;. (ex: for a = 0.05,

{Ollm ahi} = {060.0257 060.975})

{dorsrdont = Q ({(X0Y) sie T })

The conformity scores E = {E}, : k € Z>} are computed as

Ey, = max{Ga,, (X1) — Yi, Vi — Gay,, (Xx)} for k € To

Let Qi—a(F) be (1 — a)(1 + 1/|Z2|)-th empirical quantile of E

By CQR, the prediction interval for Y;,+1 is constructed as follow;

c (XnJrl) = [‘jaz(, ( n+1) Q1 cx( ) qahi (Xn+l) +Q1—a(E)]



Demographic Parity

® For an arbitrary prediction g : R? x [K] — R satisfies demographic parity
under a distribution P over (X, S,Y), if g(X,S) is statistically
independent of the sensitive attribute S.

® That is, for every s,s" € [K],

sup |[P(g(X,S) < t]S =) — P(9(X,8) < t[S=5")| =0
teER



CFQP - Conformal Fair Quantile Prediction

® Target is to construct DP fairness constrained prediction intervals by using
fair quantile regression algorithm

Proposition 1 (Fair optimal prediction [12]). Assume, foreach s € [K], that the univariate measure
g, |« has a density and let p, = P(5 = s). Then,

qall‘ljﬁ‘r E(4.(X,58) — ga.(X.9))* = ni{in Z PWVE (g 1s:v) - 5)
sc[K]
Moreover, if g, and v solve the Lh.s. and the rh.s. problems respectively, then v = vy, and
specifically,
Fulz,8) = Z ParQqaler @ Fapla ©4ala, 5). (6)
SE[K)



CFQP - Conformal Fair Quantile Prediction

® Fit an arbitrary quantile regression algorithm Q on Z;

{dorsdons} < Q ({ (X0 ¥0) rie T })

® Transform §, into go by using proposition 1 to compute fair conformity
scores B/ = {E}: ck eI}

Ef = max{o,, (Xk) = Yie, Yo = Jou, (X0)}
® Then the fair prediction interval for Y;,41 is constructed as

C(Kns1) = [Gar, (Knt1) = Q1-a(B?), Gay, (Xns1) + Qu-a(B)]



CFQP - Conformal Fair Quantile Prediction

® For fair conformity scores B/ = {E/ : i € T,}
Ezf = Inax{g&lovi =YY — gahisi}

with G5 ,, ; is calculated from fitted quantile regression Q

ga,i = Z ﬁs/Qan\s’ © F als © Q2 a,i

qg,a,i = qg,a,i + UZS([_J7 U]) VZ S I;: s € [K}

Fqu\.s(t):ﬁ E 1{Q2a1§t}

i€|Z5]

Q2,40 15(t) / V)Kn(t—v)dv te(0,1)

with some smoothing kernel function K,



CFQP - Conformal Fair Quantile Prediction

® For a new data point X,,11 = (z,5) and @ € {ay,, i}, the Fair
prediction interval for Y;,4+1 is constructed as

O(Xns1) = [Goss (@, 8) = Quoa( B, G (2, 5) + Qua(BT)]

where

oz, 8) = | D PorQzaals | © Fiigals 0 dal,5) Vo € {0, ani}
s'€[K]

(j.lg,oc,i - (jf,a,i+Uz:g([_o—7 U]) VZ S If and d&(xas) - qAa(Qf,S)-‘rU([—O'., O—D

~ 1 s
Fl,qa\S(t): s Z 1(q1,aL )+U 01 1+ Z qlaz

S
IZ3] + 1 ie|Zs| ie|z;|



CFQP - Conformal Fair Quantile Prediction

Theorem 1 (Prediction coverage puarantee). If (XonY)i=1...., nt 4 1 am exchangeable, then
the prediction interval C'(Xn4 1) constructed by the split CFQP algorithm satisfies
Pl¥ns1 € CXpia)} 21—

Moreover, if the conformity scores E; ame almost surely distinct, the prediction interval is nearly
exactly calibrated,

Pl{¥ni1 € O(Xni1)} €1 — a4+ 1/{|Te| + 1).

Theorem 2 (Demographic parity guarantee ). For any joint distribution P of (X, 5 ¥), any o = 0,
as well as the base qua zstimator g, © BF » [K| — R constructed on labeled data, ll‘k.‘t.S[I]'I'Id[Ur
4, defined in Eq. (T3 satis

5

(6a(X.5) | 8§ =5) 2 (§a(X,5) | S=¢) ¥s.& €[K].

10



CFQP - Conformal Fair Quantile Prediction

Algorithm 1 Split Conformal Fair Prediction (CFQP)

Input: D = {(X;, 5;.¥:)}_,: miscoverage level o & (0, 1): quantile regression algorithm Q.

: Randomly split [n] into disjoint proper training and calibration indices. 1: L2

2: Fit two conditional quantile functions on the training set {§ay, , Gay; | — Q({(Xs, 5:,Y3).i € Th}).
3: Call functional Synchronization (Algorith 10 caleulate {ga,, , foy; } for each i L

4: Compute E; + max {qm)- X; )—!’ Y, i (Xi)}forVie T,
5.
60

Han,
Compute @, o(E,T5) + (1 —a)(1 + Yzg)- lhcrnplm,a] quantile of {E; :i € I,}.
(x,5), Gay; (z, s} through A]gorilhm|z|

For a new test point (x, s), compute { .,
1o(8) — Q1—al(E, T2), fay (2,5) + Qh—a(E Ta)] for

Output: Fair prediction interval C(z,s) = [
(Xnt1.Sng1) = (z,5).

Algorithm 2 Functional Synchronization
Input: Calibration set {(X;, S;) };c, or new point [, s); base quantile estimator Q;
slack parameter o; training set {(X:, Si)bier, !

I: if Calibration set {(X:, S;) }ic1, then

20 for o € {oy,, ay; | do

3: 1Ga (X, Si)} + {9a(X5, Si) + U([—0, o)) bieta & U([~o, o)) are used for tie-breaking
4 for s’ € [K] do

5: Compute £, 1. (t) '-.,, (t) by Eq. (7) and (8).

6: Obtain §,(X;, S;) « ‘7 N1 Be , DPQ‘_‘ o 0Ga( X, S:), VieTs

T end for

8:  end for

9: else if New test point (x, s) then

10: for o € {ono, o} doo

11: {§ia} + {ga + Ul[—m.0]) iex; and da(, 5) += galz, s) + V(|- a])

12: Compute fa(r, s) < Zf::. Ps 2_r;ﬂ|3, oFy qals © Galx, s) by Eq. @)and 7
13:  end for

14: end if

Output: fair quantile prediction g for calibration set or new test point {x, s).
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Law CRIME
Cowersge  Length KSilo) KSthi) Coversge  Length KS(lo) KS(hi)
Ln-COR 9016047 0464004 0304003 0114002 90224188  1.30+£0.05 0.62:+0.06 0331006
Ln-CFQFP 90024051 0464004 0024001 0.024+0.01 90444184 L64+0.03 0.11+003 0.12+0.04
RE-CQR 9025055  039+005 0204002  0.15+£002 90274166 115+£0.03 0.64+005 0.59+0.05
RF-.CFQP  90.11+048 0381004 0024008  002£000 90344184 1541004 0.12+004 012+0.03
NN-COR 90.00£0.50 0404002 0414007 0184005  90.01+1.89  L16+£0.05 0.70+0.05 0.63£0.06
NN-CFQP  90.01+0.51  0.394+0.01 0024009  0.03+009  B9.95+1.62 1.34+0.12 0.12+0.04 0.12+0.03
MEPS GOV
Coverage Length KS (o) KSthi) Coverage Length KS (lo} KS(hi)
Ln-COR 80921066  0.66:1:0.01 0094003 0334005 90.0040.19 0.79+.002 0.26+.014 0444002
La-CFQP B0.99+0.60 0664001 0.0340.01 0.034+0.01 90.0240.19  0.78+.002 0.05+0.01 0.04+0.01
RE-CQR 90074065 038+009 0194002 0304003 90.03+0.17 0.61+002  0.29+001 0.28+0.02
RF-.CFQP 90381060 0391001 0.02+001 0.031001 90034017 0.62:+£.002 0.05+001 0.04£0.01
NN-CQR B9.9540.68 0374004 0244009 037+ 006 90.014+0.19  0.58+0.01 0.28+0.03 0.32+0.04
NN-CFQP  89.07+061 0374004 0034001 0.041001 90.01£0.18  0.59£0.01 0.05+0.01 0.05+0.01

Table 1: Results reported on test set of 200 repeated experiments with o = 0.1. CQR refers to the
conformalized quantile regression in [34]. Ln, RF, and NN denote the linear, random forest, and
neural network quantile regression models. Our methods are shown in bold.
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Experiments

o + gl
&~ Durs_hi - U i + #- Agarwal_hi

Figure 2: Results for estimating the lower (o) and upper (cvy,;) quantiles using some state-of-the-art

DP-fairness requirement methods on all the datasets. ‘Unfair’, ‘Chzhen’, and ‘Agarwal’ stand for

the linear quantile model without fairness adjustment, barycenter method [12] and reduction-based

algorithm [1] respectively. We present the MAE and KS of lower and upper quantile estimations. A

Linear quantile mode] is implemented in this comparison.
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EM for Fair GMM

Algorithm 1 EM Algorithm for Fair GMM

while Q74ir (0; O X W) — Q0ir (©; 0, X, w) > 6 do
E-step: Compute Qi (0; 01\ w)
M-step:
repeat

while Not converged and r < R do
9Q1air(©:01 2 w)

Hrt1) € Br) € -
. t
Nrt1) < M) + 6%1]@”*“)
r<—nr—+1
until converges
end while
tet+1
end while
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CFQP - Conformal Fair Quantile Prediction

® Synthetic Data
- 400 datapoints
- sensitive ratio: 1:1

- sensitive centers = [(1, 1), (2.1, 1)], [(1, 7), (2.1, 7)]

Synthetic_Data.PNG

Synthetic_Assignment.PNG
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