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Formulation

e (X,Y,G) € X xY x G : Random vector of a triplet of output, input and
sensitive variable

o S, T : Source distribution and target distribution

o P(-) : Space of distributions over a given space

e MNi={m: X xG— P(Y)}: Space of nondeterministic policies
« Y|X,G ~ (X, G) : Predicted label
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Disparity Function

o A*(m,T) : Disparity of a policy m on a distribution 7.
« Demographic Parity (DP)
App(m, T)= > ’WP}(Y=1 | G=g) = Pr(V=1] G:h)‘
g,h€g
« Equal Opportunity (EOp)

Aeop(m, T) =Y ‘WP;(Y/=1 | G=g,Y=1)— Pr(V=1| G=h, Y:l)‘
g.hcg ' ’
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Vector-Bounded Distribution Shift

» Divergence : K(P || Q) is a divergence if and only if K satisfies the followings.
« K(P| Q)>0forall Pand Q

e K(P||Q)=0 <« P=Q

« Group-vectorized shift : For given divergences Ki,--- , K|g|,

D(T H S) = [Kg(l:;_r(x7 Y ‘ ng) H I?Sr(X? Y | G:g))]g:ly...y‘g"

« Vector-bounded distribution shift : For given a vector B = 0 (element-wise
inequality),
D(T|s)=B.

a/o



General Bound

o Supremum disparity function :

v(A*,D,m,8,B) = sup A*(m,T)
D(T||s)=B

Theorem (Lipshitz Upper Bound)

If there exists an L such that Vpv(A*,D,x, S, b) <
curve as b varies from 0 to B, then for D(T || S) <

L, everywhere along some
B
B.

A (m, T) < A*(m,8)+ L-
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Restricted Distribution Shift

» Covariate shift :

Pr(Y | X, 6) = Pr(¥ | X, 6)
« Label shift :

Pr(X | Y, 6) =Pr(X| Y,G)
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Covariate Shift - Demographic Parity

« Covariate shift : Prr(Y | X, G) = Prs(Y | X, G)
L _ pr(X=x|G=¢)
o Density ratio : wg(7,S,x) = w
 Note that wg(7,S, x) is extremely large, when pr(X=x | G=g) is sufficiently
large and ps(X=x| G=g) =~ 0

. Bg = Prms(\?:l | G:g)

Theorem (Bound for DP under Covariate Shift)

For demographic parity between two groups under covariate shift,

B pp(w, T) < A7 pp(m, 8) + D (Be(1 = Bs) - Varlws (T, 5.)1) V*

g
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Covariate Shift - Equal Opportunity

« Covariate shift : Prr(Y | X, G) = Prs(Y | X, G)
. ﬁ;(ﬂ',T) = Pr,,’T(\A/:I | Y=1,G=¢g)
¢ Meop(mT) = g yreg |8 (m.T) = B (x.T)|

Theorem (Bound for EOp under Covariate Shift)
Subject to covariate shift and any given D, B, assume extremal values for 37,

ie.,

Vg, (De(T || S) < Bg) = (le < B (m,T) < ug)
it follows that

v(A*gop, D, 7, S, B) < max Z ‘rh — ry
rellgZallesue} hweg
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Label Shift - Demographic Parity

Label shift : Prr-(X | Y,G) = Prs(X | Y, G)
« Note that Prr.7(Y | Y,G) = Pr.s(Y | Y, G), so EOp is invariant.
Bf =Pr(Y=1| Y=1,G6=g); B =Pr.(Y=1]Y=0,G=g)

¢ Q(T)=Prr(Y=1|G=g)

Theorem (Bound for DP under Label Shift)
For DP under the bounded label-shift assumption Vg, |Qg(S) — Qg(T)| < Bg,

Bs — Bg

App(m, T) < App(m, ) + (1G] = 1) D _ Be
g
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