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Problem Statement

• Fair Regression Problem

Xi ∈ Rp ; Covariates
Si ∈ [K] = {1, . . . ,K} ; Sensitive variable (available)
Yi ∈ R ; Target variable

• Fairness Measure

Definition: Demographic Parity (Strong DP of Wasserstein Fairness)

A prediction g : Rd × [K]→ R satisfies DP, if for every s, s′ ∈ [K],

sup
t∈R
|P (g(X,S) ≤ t | S = s)− P (g(X,S) ≤ t | S = s′)| = 0
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Related Works and Contributions

[1 ] Fair Regression with Wasserstein Barycenter (Evgenii et al.,2020)

- Suggested conditional mean model under DP fairness.

[2 ] Conformalized Quantile Regression (Romano et al., 2019)

- Applied ”Conformal Prediction” to the quantile predictor
(Coverage Guaranteed Predcition Interval)

• This Paper : Conformalized Fairness via Quantile Regression

- Applied Evgenii et al.(2020) to “Quantile Regression model”
- Suggested “Fair CQR” : Conformal prediction on Fairness
- Insight : Making ”Fair Prediction Interval” (not a point prediction)
with good properties (distribution-free, non-asymptotically
valid)
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Fair Regression with Wasserstein Barycenter (Evegenii et al., 2020) I

• Consider the general regression model

Y = f∗(X,S) + ϵ, where f∗(X,S) = E[Y |X,S]

Theorem: Characterization of fair optimal prediction

min
g is fair

E (Y − g(X,S))
2
= min

ν

∑
s∈S

psW2
2

(
νf∗|s, ν

)
(1)

where ps = P (S = s) andW2
2 (µ, ν) is Wasserstein-2 distance.

Moreover, minimizer of (LHS) of (1) is

g∗(x, s) =

(∑
s′∈S

ps′Qf∗|s′

)
◦ Ff∗|s (f

∗(x, s)) .

• Optimal fair predictor g∗ is obtained
by solving Wasserstein Barycenter Problem ; (RHS) of (1) 3



Fair Regression with Wasserstein Barycenter (Evegenii et al., 2020) II

• Optimal fair predictor g∗ can be estimated by the plug-in manner

g∗(x, s) =

(∑
s′∈S

ps′Qf∗|s′

)
◦ Ff∗|s (f

∗(x, s)) .

ps ; True Freq. of group s

← p̂s ; Empirical Freq. of group s

f∗(x, s) ; Reg. func. minimizing the squared risk
← f̂(x, s) + ϵ ; Base estimator + jittering

Ff∗|s ; CDF of f∗(X,S)|S = s

← F̂f̂ |s ; Empirical CDF of (f̂(X,S) + ϵ)|S = s

Qf∗|s ; Generalized inverse of F
← Q̂f̂ |s ; Empirical Quantile of (f̂(X,S) + ϵ)|S = s

ĝ(x, s) =

(∑
s′∈S

p̂s′Q̂f̂ |s′

)
◦ F̂f̂ |s(f̂(x, s) + ε)
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Conformal Prediction I

• Before dealing with
Conformalized Quantile Regression (Romano et al., 2019)...

• What is “Conformal” Prediction?
Constructing a prediction set (Not A Point Prediction)
with distribution-free and non-asymptotic coverage guarantee.
- Algorithmic Learning in a Random World (Vladimir Vovk et al., 2005).

Definition: Coverage Guarantee (=Prediction Set is Valid)

For a given miscoverage rate α (for example, α = 0.1),
a prediction set Cn(X,S) has (1− α) Coverage Guarantee,
if for a new observation (Xn+1, Sn+1, Yn+1),

P {Yn+1 ∈ Cn (Xn+1, Sn+1)} ≥ 1− α

• usually, Cn’s are calculated
under some distribution assumption (i.e., gaussian assumption)
or asymptotically valid (i.e., P {Ytest ∈ Cn (Xtest)} → 1− α). 5



Conformal Prediction II

• How to Conformalize your prediction? : simplest example

• Such PI(prediction interval) C(X) = [f̂(X)−Q, f̂(X) +Q] has
distribution-free, non-asymptotic coverage property (Vovk, 2005) 6



Conformalized Quantile Regression(CQR) I

• Quantile Regression itself is very userful for constructing PI.
Consider two quantile predictor q̂α/2(X), q̂1−α/2(X).

Under certain regularity conditions and for specific models,
PI of [q̂α/2(X), q̂1−α/2(X)] is asymptotically valid.

• CQR makes it non-asymptotically valid.
[ q̂train,α/2(X)−Qcal, q̂train,1−α/2(X) +Qcal ]
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Conformalized Quantile Regression(CQR) II

• Synthetic Data Experiments (Yi ∼ Cauchy(0, 6 sin2(Xi)))
Coverage for 5,000 test data points
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Conformalized Fairness via Quantile Regression I

• Algorithm
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Conformalized Fairness via Quantile Regression II

• Numerical Experiments
Law School (LAW) : GPA prediction, S is gender
Community & Crime (CRIME) : Crime prediction, S is race
MEPS 2016 (MEPS) : Health care prediction, S is race
Government Salary (GOV) : Salary prediction, S is race
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Conclusion

• Constructed ”Fair” Prediction Interval in Regression Problem

• Not only to achieve Demographic Parity
by Evegenii et al. (2020)

• But also to achieve Distribution-free & Non-Asymptotically valid
by Romano et al. (2019)
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