
Flat Seeking Bayesian Neural Networks
Nguyen et al. 2023

Reviewer: Jihu Lee

IDEA lab
Department of Statistics
Seoul National University

January 8, 2024

Reviewer: Jihu Lee (SNU) SA-BNN January 8, 2024 1 / 14



Introduction

Objective of work
• Propose a sharpness-aware posterior
• Propose its variational approach
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Problem Setting

Notations
• fθ(x): model (NN) with θ ∈ Θ

• S = {(x1, y1), . . . , (xn, yn)}: training set, where (xi, yi) ∼ D
• P, p(θ): prior distribution, prior density
• l(fθ(x), y): loss function

Standard Posterior

q(θ|S) ∝
n∏

i=1

p(yi|xi,S, θ)p(θ) (1)

Likelihood (λ ≥ 0: regularization parameter)

p(y|x,S, θ) ∝ exp

{
− λ

|S|
l(fθ(x), y)

}
= exp

{
−λ

n
l(fθ(x), y)

}
(2)
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Problem Setting

Population & Empirical losses

LD(θ) = E(x,y)∼D[l(fθ(x), y)] (3)

LS(θ) = E(x,y)∼S [l(fθ(x), y)] =
1

n

n∑
i=1

l(fθ(xi), yi) (4)

Standard Posterior (rewritten)

q(θ|S) ∝ exp {−λLS(θ)} p(θ) (5)

Population & Empirical losses over Q (distribution over θ with density q)

LD(Q) =

∫
Θ

LD(θ)dQ(θ) =

∫
Θ

LD(θ)q(θ)dθ (6)

LS(Q) =

∫
Θ

LS(θ)dQ(θ) =

∫
Θ

LS(θ)q(θ)dθ (7)
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Theory

Theorem (3.1)
Consider the following optimization problem:

min
Q≪P

{λLS(Q) +KL(Q,P)} (8)

This optimization has a closed-form optimal solution Q∗ with the density

q∗(θ) ∝ exp {−λLS(θ)} p(θ) (9)

which is exactly the standard posterior QS with the density q(θ|S).
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Theory

Optimization Problem (population)

min
Q≪P

{λLD(Q) +KL(Q,P)} (10)
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Theory

Theorem (3.2)
Assume that Θ is a compact set. Under some mild conditions given any
δ ∈ [0, 1], with the probability at least 1− δ over the choice of S ∼ Dn, for
any distribution Q, we have

LD(Q) ≤ Eθ∼Q

[
max

θ′:||θ′−θ||≤ρ
LS(θ

′)

]
+ f

(
max
θ∈Θ

||θ||2, n
)

(11)

where f is a non-decreasing function w.r.t. the first variable and
approaches 0 when the training size n approaches ∞.
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Theory

Upper bound (rewritten)

LD(Q) ≤ LS(Q) (12)

+ Eθ∼Q

[
max

θ:||θ′−θ||≤ρ
LS(θ

′)− LS(θ)

]
(13)

+ f

(
max
θ∈Θ

||θ||2, n
)

(14)

• First term: empirical losses over Q
• Second term: sharpness over Q
• Last term: constant
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Theory

Optimization Problem

min
Q≪P

{
λEθ∼Q

[
max

θ′:||θ′−θ||≤ρ
LS(θ

′)

]
+KL(Q,P)

}
(15)

• Considering sharpness-aware loss maxθ′:||θ′−θ||≤ρ LS(θ
′) makes

generalization ability better
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Theory

Theorem (3.3)
The optimal solution of eq. (15) is the sharpness-aware posterior
distribution QSA

S with the density funciton qSA(θ|S):

qSA(θ|S) ∝ exp

{
−λ max

θ′:||θ′−θ||≤ρ
LS(θ

′)

}
p(θ) = exp {−λLS(s(θ))} p(θ)

(16)
where s(θ) = argmax

θ′:||θ′−θ||≤ρ
LS(θ

′).

• Closed form of the sharpness-aware posterior distribution QSA
S
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Sharpness-Aware Bayesian Setting

Sharpness-aware Likelihood

pSA(y|x,S, θ) ∝ exp

{
−λ

n
l(fs(θ)(x), y)

}
(17)

where s(θ) = LS(θ
′)

θ′:||θ′−θ||≤ρ

Sharpness-aware Posterior

qSA(θ|S) ∝
n∏

i=1

pSA(yi|xi,S, θ)p(θ) (18)
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Variational Approach

• X = [x1, . . . , xn], Y = [y1, . . . , yn]

• {qϕ(θ) : ϕ ∈ Φ}: approximate posterior family

ELBO

max
qϕ

{
Eqϕ(θ)

[
n∑

i=1

log pSA(yi|xi,S, θ)

]
−KL(qϕ, p)

}
(19)

⇔min
qϕ

{
λEqϕ(θ)

[
max

θ′:||θ′−θ||≤ρ
LS(θ

′)

]
+KL(qϕ, p)

}
(20)
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Experiments
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